A Classical Physics Review
for Nonclassical Physics

This material iswritten for the student taking nonclassical, or “modern,” physics. It isintended as areview
of genera principles of classical physics, concentrating on topics most important to modern physics, some of
which may not have been emphasized in the student’ s classical physics course.
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1 Conserved Quantities

Conserved Quantities

Some of the most important ideas in physics are conservation laws. In introductory physics we learn of three
important conserved quantities: energy, momentum and angular momentum. For these quantities to be
conserved, of course, the system must be isolated, so that they are not altered by external influences. It is
easily overlooked that these quantities are important because they are conserved. The quantity mgy, for
instance—cel ebrated as gravitational potential energy—would be of little interest to physicistsif aball thrown
upward could speed up, that is, if energy were not conserved. It has meaning when we say that the ball must
slow down—Iose kinetic energy—Dbecause it is gaining potential energy. We cannot prove that these specia

guantities are conserved; conservation laws, like all physical laws, are fundamental things we observe to hold
true, not things we prove or derive from more-basic ideas. We accept the laws then build upon the
foundation.

Ener

Inan is%l)a/ted system, total energy neither increases nor decreases. While familiarity surely makes the idea
seem reasonable, verification requires that we account for energy in al itsforms, and thisis no smple matter.
Energy isamost varied conserved quantity. Indeed, whenever experiments have appeared to show aloss or
gain, strong belief in the law has lead to new, previoudly hidden forms being postul ated—and found. Still, we
can go along way by considering only afew of the most prevalent forms.

Kinetic
The energy of motion of an object of mass mand speed v, called kinetic energy, is given by:

KE=1m\2 (1)

Asisthe case for many of the formulas presented in this classical physicsreview, equation (1) is correct only
if the speed isasmall fraction of the speed of light.

Objects can have another form of kinetic energy, associated not with motion as a whole in a given
direction, but with rotational motion about an axis: rotational kinetic energy. This depends on the object’s
angular velocity w, in radians per second, and on how its mass is distributed, specified by the object’s
moment of inertial. The functional dependence of rotational kinetic energy is very similar to that of
ordinary, or “trandational,” kinetic energy (as are all rotational and trandational analogs). In place of vis w
and in place of misl:

KErot =31 w? )

Moment of inertiais calculated vial = = my ri2, where m is the mass of atiny particle of the object, rj is
its distance from the rotation axis, and the sum—or integral, if the mass distribution is continuous—is taken
over al the particles that make up the object. Common examples are: athin, hollow ring, where essentially all
the mass is the same distance R from the axis, giving | = Miota RZ; and a solid sphere of radius R, for which
integration shows that | = Z Miota R2.
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Potential
Anytime a conservative force acts there will be associated with it a potential energy, symbol U, and the
functional form of the potential energy depends on the functional form of the force. A few of the more
common examplesfollow.

The gravitational force near Earth’s surface is given by F = — mg ¥, where mis an object’ s mass, g isthe
acceleration due to gravity and ¥ is a unit vector in the upward direction. Associated with this force is
gravitational potential energy:

Ugrav = mgy
Anideal spring exertsaforce F = — kx, where k isthe spring’ s force constant and x is its displacement from
its equilibrium length. Associated with thisforceis elastic potential energy:
Udlastic = 5 K X2
The force exerted on point charge o by point charge gy isF = 1 % where > isafundamental constant

of electrostatics and r is the separation between the charges. Associated with this force is electrostatic
potential energy:

— 142
Upoint charges = Fleo 9 rq

Asthe reader may verify, al these potential energies may be found from their forces via the same general
relationship.

U2—U1:—f|:-d| (©)

The differential displacement dl isdy, dx, dr, etc., as the case may be. Equation (3) says that the change in
potential energy is the negative of the work done by the force (not the work we might have to do “against”
the force). Gravity, for example, does positive work speeding up afalling ball; meanwhile the change in the
gravitational potential energy is negative. As we see, only a difference in U is determined; we are free to
choose U to be zero at a convenient location.

Internal: Thermal and Chemical

One of the less conspicuous forms of energy is interna energy. For most classical purposes (i.e., when
“mass energy” does not vary) it is the sum of the microscopic kinetic and potential energies of all the atoms
or moleculesin an object. An object’soverall kinetic and potentia energies can be converted into increased
random internal energy, as when abook is dropped to the floor. But the second law of thermodynamics says
that a complete reversal, turning this random thermal energy completely into ordered overall kinetic or
potential energy, isimpossible. Chemical reactions can convert internal energies from one form to another,
often making an object feel hotter or colder. They can also produce more visible results, like the lifting of an
eyelid or the explosion of a firecracker. Given its seeming complexity, it isn’t surprising that classical
physics has no comprehensive formulafor interna energy—though modern physics does.

Momentum—and Force, its time rate of change

Energy isascaar. Thereisaphysical principle that says that for each “ symmetry” there will be a conserved
quantity. We won't investigate this interesting principle; we simply use it to give some insight into the next
conserved quantity. Our observations indicate that the physical universe obeys the same laws—behaves the
same way—at one instant in time as at the next. The consequence of this “symmetry in time” is energy
conservation. The physical universe also seems to obey the same laws if we stand at one location or at
another. The consequence of this* symmetry in space’ is another conservation law. But since spaceis three-
dimensional, so isthe conserved quantity: Momentum is a vector.
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Of several approaches to finding a conserved quantity besides -~ ~ < S
energy, Figure 1 shows avery basic example: a system consisting of two / ~
falling objects—skydivers. Acting on each object is an interparticle force, [ Foy20n1
shared between things internal to the system, and a gravitational force, |
due to something external the system (i.e., Earth).1 Newton’s second law \
of motion ~F = ma applies to each object, so we can add the two
equations.

ystem

N
N
\

th 1 on2 \
N |

Foy2on1+ FoyEarthon1 = Miag ™~ - /

+ Fpyion2+ FoyEathon2= mpap

szml + FtyEarthml + FWJ.O']Z + Fb/EarthmZ = mlal + m2a2 Fby Earth on 1 Fby Earth on 2

By Newton’s third law of motion, the forces the objects exert on one %
another are equal and opposite, so they cancel, leaving only the forces Y
involving things external to the system. Noting that acceleration is the Figurel
time rate of change of velocity, we have

d d d
3 Fexternal = M1 g V1 + M2 g V2 = g [ Mva + mpvz] (4)
Suppose now that external forces are somehow switched off.
% [m1v1 + mzvz] =0 No external force

Though v1 and v might still change due to the forces the objects exert on one another, the total quantity in
brackets cannot change with time—it is conserved. The momentum p of an object we define asfollows:

p=mv (5)

Thus, equation (4) says that the total momentum—the sum over all the particles—changes due to external
forces only, and in the absence of external forces the total momentum is conserved. Once again, this
conserved quantity is clearly avector.

Newton's second law of motion is properly written as:

sF=4p (6)

This form is more general. It can be applied not only to a single object of unchanging mass, reverting to
>F = ma; it is also applicable to a system of particles, where F is the net external force only and p isthe
total momentum. Internal forces may be huge—sending particles off at great speeds, breaking chunks off
some particles, fusing them to others, and so on—but if the net external force is zero the total momentum
cannot change. Equation (6) is also applicable in cases, such as things moving at light speed or closeto it,
where the expression mv for momentum is simply not correct and the concept of acceleration less clearly
applicable.

Angular Momentum—and Torque, its time rate of change

The physical universe seems to behave the same way whether we are facing North or East or any other
direction. This rotational symmetry is at the root of another conserved quantity: angular momentum. The
usual way of introducing this principle isin connection with arigid object.

Once we graduate from studying “point objects’ to studying “real” objects that occupy space we
encounter difficulty in trying to apply only Newton’s second law 2F = ma. It is true that knowing the net
external force on a object of mass m gives the acceleration acm, of its center of mass, but there is something
elsea“red” object may do—it may rotate. We can, for instance, exert equal and opposite forces at the edges

1 Weignoreair resistance. Perhaps the skydivers are not yet falling fast enough for it to be a factor.
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of awheel, as shown in Figure 2, and the second law becomes 0 = 0, which isn’'t ’

very useful. How can we quantify what is important—how the object as awhole F
rotates? Clearly it has something to do with how the forces exerted at the edges ’ \
are communicated from molecule to molecule throughout the object, but is such

analysis feasible? We state without proof that when dealing with arigid object,

the happy alternative to applying ZF = ma to every molecule in the object isto  F

apply to the object as a whole ZF external = Mtotal @cm and one other “law”:

2Texternal = lem @cm , Where | is the object’s moment of inertia and the “cm” Figure 2
subscripts mean that the rotation axis passes through the center of mass. The latter

is usually called the rotational second law. With some effort it can be derived from the ordinary, or

“trandational,” second law and the assumption of arigid object, but our interest isin its use. Asforce F is

the cause and rate of change of velocity, a = % , the effect, torque T is the cause whose effect is an angular

acceleration, arate of change of angular velocity, a = %—‘f . The forces shown in Figure 2 will not cause the

whed!’ s center of mass to accelerate; they will cause its angular velocity to change with time.
Causing not acceleration, but angular acceleration, torque is not force. It does
require a force, but the force’'s point of application and orientation relative to the
rotation axis are crucial factors. We don’t swing open a door on rusty hinges by
pushing at the door’ s inner edge, along the axis (hinges); we push at the outer edge.
Even then, we don’t exert the force parallel to the door, directly toward the axis or
away, nor upward nor downward; we push perpendicular to the door’s surface. The
formulafor torque takes all these things into account.? |
No!

v=rxF kel = Ir| [F| sin © (7) [

,T\er

Axis

The moment arm r extends from the rotation axis to the point of application of the . [N
force F, and 0 isthe angle betweenr and F. If r is zero (pushing at the axis) thereis Y
no ability to change the angular velocity. If F is opposite or parallel tor (toward or | P&
away from the axis, i.e., 8 = 180° or 0°) the torqueis also zero. To affect rotation about | No!
a given axis there must be a nonzero torque component along that axis (explaining
why)pushi ng up or down doesn’t open the door—r x F would be perpendicular to the
axis).

If torque isavector, so must be angular acceleration. All of the rotational lavswe
use are in accord with a convention that assigns the direction of the angular velocity w
by a right-hand rule: Curling the fingers of your right hand in the direction of the
rotation, your thumb gives the direction of w, perpendicular to the plane of rotation, as shown in Figure 4a. If
the magnitude of a vector increases, its change is parallel to itself, so the angular acceleration a, rate of
change of w, is parallel to w if wincreases. In Figure 4b, both torquest =r x F are upward aong the axis,
and assuming that the wheel is already rotating counterclockwise, this net torque would speed it up, giving an
angular acceleration in the direction of w and thus in the same direction as the net torque. Were the wheel
initially rotating clockwise, @ would be
down along the axis, but the torque would ~ (
then slow the wheel down, meaning that o

a) 1
(O]
would be opposite . Again, o would be up »
along the axis, the same direction as «, as :
2Texternal = lcm Glem SaYs. , =~ ,

Figure3

(b)

Figure4

2 Here we use the standard right-hand rule for cross products. Point the fingers of your right hand in the direction of the first
vector, r, then orient your palm so that it is easiest to curl your fingers toward the direction of the second, F. Y our thumb gives
the direction of the cross product ©
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The general statement of the trandational second law isF = % p. It becomes the more familiar 2F = ma

only if the momentum p is correctly given by mv and m doesn’t vary with time. There is an analogous
genera statement of the rotational second law:

d
Z‘C:aL (8)

L isknown fittingly as angular momentum. Therefore, it is most genera to say that a torque causes not an
angular acceleration but arate of change of angular momentum. In many cases, L isgiven by lm (analogous
to p = mv). It thus has the same direction as w, and if | doesn’t change with time we recover the formula
2t = la.. However, it is perhaps even more important to keep in mind the general statement in the rotational
case than in the trandational, for even if an object’s mass doesn’t change it can still have a changing moment
of inertia. When a spinning ice skater pulls her armsinward to her body, she does not change her mass, but
she does change her mass distribution. External torques due to air resistance and friction with the ice are
minimal, but the ice skater does angularly accelerate; her angular velocity increases because her moment of
inertia decreases, and the product, L = lw, cannot change without an external torque. That an object may
“speed up all by itself” troubles some students, but the system is simply doing what fundamental laws of
physics say it should do.3

AS3F = % p is general, applicable to systems of particles and when

p isnot given by mv, the formulaXzt = % L isapplicable to systems of

particles and when L isnot lm. Many expressions for angular
momentum are equivalent to low. For example, if the rotation axis passes
through the origin, a point mass mwhose position vector isr and whose
momentum is p has an angular momentum L =r x p. This has the same
direction as w (out of the page in Figure 5) and its magnitude alsO Origin
agreeswith lo: r x p|=r mvsin® =1 Mvtangent =r mwr = (Mr?) w, Figure5

and mr2 is indeed the moment of inertia of a point mass a distance r

from the axis. However, there are cases where angular momentum simply cannot be written as lm. A good
example isthe “spin” angular momentum fundamental to the electron. Another is the photon—particle of
light—which has no mass(!), yet it too has “spin” angular momentum. When discussing microscopic

systems of these particles, we cannot use 2t = la.. The correct law is 2t = % L. In asystem isolated from
externa torques, the total angular momentum, in whatever strange formsit may be found, is conserved.

Are They Laws, or Aren’t They?

Our discussions of momentum and angular momentum conservation sound like derivations. From the second
law of motion and its corollary the rotational second law, we “showed” that in a system isolated from
external forces and torques, momentum and angular momentum are conserved. But if one thing—a
conservation law—can be derived from another—the second law of motion—then thefirst isnot alaw at al.

Laws are things we cannot derive—simply the way things are. We won’'t devote much space to the
philosophical arguments behind all this. The bottom lineisthat it is the conservation laws that we consider
true laws. But if so, aren’t the foregoing discussions backward—shouldn’t we be deriving the second “law”

of motion from the conservation laws? It isn’t quite that straightforward. Accepting on the basis of |aborious
observation that a particular quantity is conserved doesn’t necessarily indicate how it might be exchanged, or
at what rate. Thisiswhere the second law comes in. Today we view it as a definition, in harmony of course
with the accepted conservation laws: Momentum is conserved, but it is also quite obvious that it can be
exchanged between two things not isolated from each other, and the rate at which it is exchanged, dp/dt, we
define to be the force between them. Moreover, if it is indeed true that momentum is conserved at every
instant, then the rate at which the momentum of one object changesin one direction (dp1/dt) must be the rate
at which the momentum of the other changes in the opposite direction (dp2/dt), so this definition and
momentum conservation combined encompass Newton’ s third law of motion: that the mutual forces (rates of

3 No violation of energy conservation results. The skater's rotational kinetic energy does increase, but this comes from her
internal chemical energy, which she must expend to pull her armsinward.
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change of momentum) two objects exert on each other are equal and opposite. Similarly, the rate of change of
an object’ s angular momentum is by definition the torque on the object, and if angular momentum is indeed
always conserved, mutual torques must be equal and opposite. In this light, the foregoing momentum and
angular momentum conservation discussions should be viewed as merely showing the harmony between the
conservation laws and more familiar “laws’ of motion.

Precession

The behavior of a spinning object can be very
complex. However, owing to its importance in
modern physics, we close with a simplified
discussion of one aspect of this behavior:
precession. To begin, consider awheel not spinning,
whose axle liesin the y-z plane, as shown in Figure
6a. Were we to push as indicated on the ends of its
axlefor atime dt, we would exert atorque in the x-
direction (out of the page, by the right-hand rule)
and the axle would rotate counterclockwise, giving
the whole assembly a small angular momentum dL
in the x-direction. Does this fit with v = dL/dt? Figure6

This equation does not say that the angular

momentum L isin the direction of the net torque 2+, but that the change in angular momentum dL isin the
direction of >x. (Similarly, ZF = m dv/dt says that >F and a are in the same direction, not F and v.)
Nevertheless, the torque, causing adL in the x-direction, does cause the new angular momentum L¢ to bein
the x-direction because in this case the initial angular momentum L was zero.

But what if the wheel is aready spinning? Suppose it is spinning with alarge angular momentum parallel
to its axle, as shown in Figure 7a, with no x-component. Were its axle to rotate counterclockwise as before,
the change in the angular momentum vector would be in the direction labeled dL ?in Figure 7b—they- and z-
components of L would change. This cannot be! dL must be in the direction of the torque, its cause. In the
diagram this is the x-direction, so the wheel assembly must move in such a way that the new angular
momentum vector has the same y- and z-components, merely acquiring a small component in the
perpendicular x-direction. By simply redefining our coordinate system, the same could be said at any instant
of time: The change dL is always perpendicular to L. And if the change in avector is aways perpendicular to
the vector, the vector’s magnitude can never change—it simply changes direction (the velocity vector in
circular orbit is analogous). Thus, atorque perpendicular to L causes L to maintain a given angle with an axis
(here the z-axis), preserving its components parallel and perpendicular to that axis while continuoudly rotating
about it. Thisiswhat we refer to as precession.

(a)

+Z

(b) dL? - (V]

+Z

F

Impossible! Precession
Figure7
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Thermodynamics

One of the first things we must confront in trying to understand the physical world is systems of countless
particles whose microscopic behaviors are beyond our control. We call such systems ther modynamic
systems, and the number of particles is huge. The number of air molecules in a typical classroom, for
example, is about 1028, In a modern computer microchip, even just one of the millions of transistors—a
micrometer on a side—contains many millions of silicon atoms. We simply cannot know, much less control,
what each of the atoms or molecules is doing. Yet, there are limitations on overall behaviors in
thermodynamic systems. The most far-reaching are the fundamental 1aws of thermodynamics.

* * * *

Energy

Unlike the looming potential energy of a boulder teetering on the edge of a precipice or the obvious kinetic
energy it gainsif it falls, the random energies internal to athermodynamic system are neither easily seen nor
easily cataloged. As a place for other forms of energy to end up, internal energy seems quite hospitable—all
the kinetic energy of afalling book may becomeinvisibleinterna energy in the book and floor in the blink of
an eye. But it israndomly distributed among countless atoms, so it tends to be viewed differently. Indeed, in
an important sense it is different, as we see when we discuss the second law of thermodynamics. Still itis
energy, and energy conservation has made sense as an accepted law of physics only when we take internal
energy into account.

Yet, if it is distributed in microscopic forms that may be beyond our abilities to catalog directly, how
indeed can we account for internal energy? We do so by deduction. Perhaps we cannot know the actual value
of the internal energy, but if we can measure what goes in and what comes out, and if energy is realy
conserved, then determining the change in the internal energy is simply a matter of arithmetic. A
thermodynamic system exchanging no matter with its surroundings can exchange energy in two ways: via
work, usually involving a macroscopic displacement of the system in tandem with its surroundings, such as
tgg_ pushing of a piston; and via heat, conveyed microscopically through collisions or electromagnetic
radiation.

Changein internal energy = energy added as heat + energy added as work

Definitions may differ in sign, but if we define Q as heat added to the system (which is negative if the system
transfers heat to the surroundings) and W as the work done by the system (which is negative if the
surroundings transfer energy to the system in the form of work), then we have what is usually referred to as
the first law of thermodynamics:

AEjnterna = Q-W 9)

For example, if we add heat Q = 70J to a system of gas molecules in a cylinder—energy in—and the gas
does W = 20J of work in expanding to lift the weight of a piston—energy out—the internal energy of the gas
must have risen by 50J. Of course thisis only a statement of energy conservation. Nevertheless, despite our
inability to see it, countless experiments, adding and subtracting energy in every way imaginable, have
confirmed that the internal energy of a system doesn’t change all by itself; it changes precisely according to
how much energy goesin and how much goes out.
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Entropy
Students%f introductory physics are often bombarded with seemingly different statements of the second law
of thermodynamics, based on seemingly different ideas. There is one unifying idea. Given fixed values of
certain overal properties of a system—its total energy, its volume and the number of particles—a disordered
arrangement of particles and energy is more probable than an ordered one; the system will thus most likely
move toward the more disordered state, and if the number of particlesis huge, the probability of it doing
otherwiseisvirtually zero. In short: Isolated thermodynamic systems are extremely unlikely to move toward
more-ordered states.

The system shown in Figure 8 is a simple one, twenty gas moleculesin a

“room” divided by an imaginary line into two halves. The distribution in Ké C¢
Figure 8a is very ordered—all the molecules on one side—and, directly &k € ¢
related to this, it is highly improbable that this is how we would find the @ e ¢
particles distributed. Figure 8b is a more probable distribution, 10 on each @ ¢ C¢
side, and it is more disordered. Having no knowledge of the system’s history, e ¢
we would certainly guess that if we could glimpse for an instant the Ordered,
distribution of molecules it is much more likely that they would be about Low probability
evenly distributed than all on one side. Perhaps we could intervene somehow,

and start the molecules out al on the right-hand side, but looking in later on a ¢ ¢C¢ ¢ ¢
system left to itself (i.e., isolated) we would probably find the molecules € ¢ ¢ €
spread more or less evenly. Actually, with only twenty particles, itisnotoutof (b) | € @ | ¢ e
the question that they might be unevenly distributed. In fact, the probability ¢ € € ¢
that the number on one side is between 9 and 11 (inclusive) is only about fifty € ¢ ¢
percent. But with the number of particles increased it becomes exceedingly Disordered,
likely that the particles will be in an evenly distributed—that is, more High probability
disordered—state. For “only” 2000 particles, the probability that the number Figure8

on one side is between 900 and 1100 is 0.9999931. In true thermodynamic
systems, with countless particles, ordered states are so improbable that we proclaim it a law: Isolated
thermodynamic systems don’t move toward more-ordered states.

A system’s overall kinetic energy isrelatively ordered; internal motion aside, all the atoms of a moving
object have the same average velocity. A system’s overall potential energy is aso ordered; all the atoms of a
boulder teetering on the edge of a precipice are about the same distance from the bottom. Internal thermal
energy is disordered. When a book falls to the floor, initially it has ordered potential energy, then ordered
kinetic energy, then—thump!—increased random thermal energy of countless atoms now moving every
which way faster than they were before. Although there is a mathematical chance of the atoms in the book
and floor colliding in such a way that the book and floor cool down while the book springs upward
(conserving energy, at least), it is so extraordinarily unlikely that we are safe in declaring that it will not
happen.

Other common statements of the second law follow. A system of randomly mixed fast and slow
molecules will not by itself separate into a comparatively ordered state with fast at one place and slow at
another. In other words, we cannot expect to see a mass of warm material in aroom by itself separate into
cooler material inside a box and warmer surroundings outside the box. Such would be an “ideal
refrigerator,” spontaneously cooling the inside while warming the kitchen around it with the heat removed.
No matter how clever or intricate the device, the net result is starting with mixed-up disorder and ending with
separated order. It cannot be done! Of course we can build arefrigerator, but it must be plugged in, and the
electrical energy coming into the device—a very ordered form of energy—ends up converted to random,
disordered thermal energy in the kitchen. This conversion increases the disorder of the entire system, now
encompassing the electrical energy source, by at least as much as the separation of hot and cold decreasesit.
How do we know? We accept the second law. Similarly, we cannot expect to build a device that converts
random internal energy completely into useful work, into ordered overall kinetic or potential energy—an
“ideal heat engine.” A real heat engine does run on random thermal energy, but invariably some of the
energy is rejected into cooler surroundings, increasing its disorder necessarily by at least as much as the
partial conversion to ordered kinetic or potential energy decreasesit.
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Quantifying disorder is of course a different question. As already suggested, it is done through
probabilities. An ordered state is one of low probability, and a high disorder corresponds to a high
probability. All we have said about disorder is borne out by defining the measure of disorder, known as
entropy S as.

Entropy, the measure of disorder: S=kgInW (20

where kg is the Boltzmann constant, pervasive in thermodynamic relationships, and W is the number of
microscopic ways in which the particle/energy distribution can be obtained,4 which isin turn directly related
to the probability of the distribution occurring. With this definition the second law of thermodynamics—
disorder doesn’t decrease—is usually written as:

AS=0 (Isolated system) (11)

Being related to probability, entropy has meaning only for thermodynamic systems, for there would be no
need to speak of probabilitieswere it not for the random internal motion beyond our control.

Temperature

Related to entropy is another physical property known to all: temperature. Everyone has a notion of what
temperature means, but in science we demand clear quantitative relationships. We discuss familiar
applications soon. Here we simply state that the temperature of a thermodynamic system in equilibrium is
defined by the following relationship:

_do
ds="F (12)

Adding a slight amount of random energy to a system in the form of heat would raise its disorder/entropy
slightly, and the temperature is the ratio of the two.> As entropy has meaning only for thermodynamic
systems, so too temperature is a property special to systems characterized by random internal motion.

Equipartition Theorem and Average Energy

A characterigtic of thermodynamics systemsthat can be determined fairly easily isthe amount of energy to be
found in certain internal forms: kinetic, potential, rotational, etc. Foremost is the equipartition theorem, which
states that for each independent variable upon which a particle’ s energy depends quadratically—that is, on the

square of the variable—that particle will on average have% kgT of energy. Such independent modes of

internal energy storage are usually referred to as “degrees of freedom,” and the equipartition theorem can
thus be stated as follows:

Equipartition theorem: E per particle = % ksT per degree of freedom (13)

where the overscore bar indicates an average. Perhaps the theorem’ s most common application isto average
translational kinetic energy in three dimensions, given by 3 m v2 = 2 m(vy2 + vy2 + vz2). This depends
quadratically on three independent variables, so the equipartition theorem gives:

= 3
KE trans, per particle = 5 kgT (14)

Proving the equipartition theorem involves calculating the average value of a representative quadratic
“piece’ of energy (e.g., % mwvy?) over all the microscopic ways referred to in equation (10), making use also
of equation (12). Thiswe leave to a higher level course.

4 Unfortunately, the symbol W is a standard one for both work and number of ways, entirely different quantities.

S Strictly speaking, temperature is defined by T = (0S9E) L. A system’s entropy is a function of its internal energy E, the
number of particles N and its volume V, and the partial derivative with respect to the system’s energy E keeps constant both N
and V—allowing no energy exchange with the surroundings viawork.
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Kinetic Theory and the Ideal Gas
Although cataloging internal energiesin general is problematic, there are systems simple enough that we can
fairly easily quantify important properties related to the internal energy, still without knowing exactly what
each particle is doing. One of the simplest systems imaginable is the so-called ideal gas, comprising
identical particles so small that the volume they actually occupy is only aminute fraction of the volume of the
container in which they are held, with the rare collision occurring elastically in so short atime that there is
never significant potential energy stored in “bumpers.” The particles bounce around randomly in mostly
empty space. Of course thisisidealized, but real gases often behave very much as smple calculations say this
system should behave. The system merits study also because it is one of the best for showing how averages
crop up in studies of thermodynamic systems.

Important and familiar connections arise when we calculate the AL
average force particles in an ideal gas exert on the walls of the -
container in which they are held. Thiswe do by finding the equal- ; iR
magnitude force the wall must exert on them to change their v, ; —
momentum, easily calculated via the general form of the second vo=-lv | .
law of motion F = dp/dt. We assume that the box has sides of l ve=+vl A

V\. N

length Ly, Ly, and L, and we calculate the force at the “right-
hand wall,” which is parallel to the y-z plane, as shown in Figure
9. For now we consider only those particles whose x-component :
of velocity has magnitude |vy| (their x-components of velocity are N[~ N
either +|vy| or —|vy| ). There are Ny, such particles. If we assume L
that they collide elastically and that the force is perpendicular to  Figure 9

the wall, the sole result of a*“reflection” off awall parallel to the

y-z plane is to reverse their x-components of velocity. To change a momentum component from +mjvy| to
—m|vy| does indeed require aforce, and Apy is — 2m|vy|. It is convenient to let the time interval be the time
required for a particle of this vy| to traverse the entire width Ly of the box:

Lx
V]

At = (15)

In thistime, all the particles of this |vy| would strike either the | eft or the right wall.6 On average, half, those
with vy = +|vy| , will strike the right wall, so this wall causes a total change in the momentum of these
particular particles of

=

Apy = P Ny, (— 2mvy]) (16)

Combining equations (15) and (16), the force exerted by the wall on only those particles whose x-component
of velocity has magnitude |vy| is

Bpx _ _ NVvaX2

ticles of |vy]: Fx="7,=—-77
On particles of |vy| x= At L,
The volumeV of the box is LyLyL; and the area A of the right-hand wall is LyL, so we may write Ly as V/A.

On particles of |vy: Fy=- \A/ Ny, M2

6 Of course any collision a particle suffered along the way would change its velocity. But collisions are rare, and in any case, if
the system isindeed in equilibrium, Ny, remains constant—as many particles must have their x-components changed to agiven

vy as fromthat vy.
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To find the total force exerted on particles of all magnitudes |vy| we sum over all such values. For reasons
soon to be clear, we also multiply and divide by the total number of particles 2., Ny, = N.

. . _ NA ZVX NVX mVX2
Onal particles: Fx=="v Ty Ny

The second fraction on the right-hand side of the equation is an average. Anytime we multiply a particular
value of agiven quantity (here, mvy?) by the number of times that value is counted (here, Ny, ), sum over all

the allowed values, then divide by the total number of values, we have an average of the given quantity. Thus,

NA ——
FX:_v rnVX2

Now, if the particlesin this system do indeed move randomly, without a preferred direction of motion, then
the average motion along one axis must be the same as the average along another. Accordingly, it must be

truethat mv? = mw? = mv2 ,andif thisistruethen mvy? =%( Mve? + M2 + vaZ).ThisaIIows
usto put our result in amore general form.

1INA 2NA 2NA ~—
:—§v(rn\/xz+ I'n\/y2+rn\/22):—§v %mVZ :_§v KE trans

Fx

Quite reasonably, the force the wall must exert on the particlesis proportional to their average kinetic energy.
Finaly, the force these particles exert on the wall is equal and opposite, and this force divided by the areais
the pressure on the wall.

P=20 KEyas (ided Ga) (17)

Thisis an important result, relating a tangible and easily measured macroscopic property, pressure, to an
average microscopic property of particlesin a system, kinetic energy.
If we combine equation (17) with equation (14), relating average kinetic energy and temperature, we have:

2N 3
P:§v szT or PV:NkBT (18)

This is the famous ideal gas law. It is often one of the first things presented in an introductory class on
thermodynamics, appearing as a“law of physics,” based on observation. But it follows quantitatively from
ideal-gas assumptions combined, via the equipartition theorem, with more truly fundamental thermodynamic
relationships such as equations (10) and (12).7

7 The Boltzmann constant kg, 1.38x10~23J/K , appearing in so many thermodynamic relationships, is chosen so that in the ideal
gas law pressure and volume are in standard units and temperature in the convenient but arbitrarily chosen units of Kelvin.
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Adding Heat to a System

An important thing to know is how much heat must be added to a system to change its temperature or its
phase (e.g., from solid to liquid). For very simple systems this can be determined fairly easily from the “first
principles’ already discussed. Suppose our system is an ideal gas in which the particles have only
trandational kinetic energy (which isthe case for helium at most temperatures but not usually for polyatomic
molecules). According to the equipartition theorem, the interna energy of N such particlesis

E=3NksT

Consequently, if the internal energy is augmented by heat Q from the surroundings, the system’ s temperature
will rise and will be related to the heat as follows:

Q=AE=3Nkg AT

The quantity % N kg is a proportionality factor determining the amount of heat needed to give a certain

temperature rise. Suppose instead that we have particles capable of storing additional energy in rotation (such
as diatomic molecules), with two additional “internal degrees of freedom.” According to the equipartition

theorem, each particle would have on average 2 X% ksT additional energy, atotal of g kgT, and thus
Q=AE=2Nkg AT

Now the proportionality factor giving the heat needed per unit temperature rise isg N kg. We see that it takes

more energy to raise the temperature of this gas than the previous one.

Calculating these proportionality factors becomes very complicated if not impossible for real materials. In
fact, they are in general not constants, but tend to vary with temperature. Accordingly, quoted values are
always the result of experimental observationsin arestricted temperature range. The quantity often quoted is
the specific heat ¢, defined asfollows:

Q=mcAT (29

Aswe see from the earlier smple cases, the heat needed to increase the temperature is directly proportional to
the amount of the material (i.e., CIN). In equation (19), mis the mass of the material, proportional to the
amount, leaving ¢ dependent only on the kind of material. For the earlier strictly trandational case, it iseasily

seenthat c= g ksN/m, or g ks/mp, where my is the mass per particle.

If we continue to add heat to or extract heat from a real material, we may well run into a phase
transition—a solid will become a liquid, or aliquid a gas, or vice versa. Generally speaking, in a phase
transition from a solid to a liquid or a liquid to a gas intermolecular bonds must be broken. This takes
energy. (The same amount of heat must be extracted to turn liquid to solid as must be added to turn the same
quantity from solid to liquid.) When the temperature characteristic of the transition is reached, additional
energy goes not into increasing the average speed of the molecules—not into increased temperature—but into
simply breaking more bonds. Thus, phase transitions occur at approximately constant temperature, and the
amount of heat needed is proportional to the number of bonds that must be broken—that is, to the amount of
the material. We express this as follows:

Q=mL (20)

Here mis the mass of the material whose phase is changed, and L, called the latent heat, is an energy per
unit mass characteristic of the materia and the trangition, i.e., whether solid-liquid, or liquid-gas.
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Electromagnetism

The more closely we investigate things, the closer we get to fundamental interactions. The frictional and
normal forces at play when abook slides along atable are very complicated on the microscopic scale. The
forces that an electric or magnetic field exerts on acharge or afairly ssmple collection of charges, such asa
dipole or an e ectric current, are comparatively smple, and it isthese that interest us most in modern physics.

* * * *

Maxwell’s Equations

Maxwell’ s equations are the definitive statements about the character of electric and magnetic fields: what the
fields can and cannot do and what things produce them. They express mathematically what our observations
have reveded.

FEdA= L fpdv (D) § B-dl = o  J-0A + cllo TJE-dA  (23)
§B-dA =0 22) § E-dl =~ § [B-dA (24)

Equation (21), known as Gauss' law, says that there will be a positive net flux of electric field lines, a net
“flow” outward through a surface enclosing a volume, if the net charge enclosed in that volume is positive.
The enclosed charge is the charge density p, charge per unit volume,
summed over the entire enclosed volume. A positive flux is characterized
by a net positive dot product between the electric field E and the
outwardly-directed area vectors dA at the surface, asis the case on the
spherical surface enclosing the positive point charge in Figure 10.
Conversaly, equation (21) saysthat there will be a negative/inward net flux
for a negative net enclosed charge. Thus, charge produces electric field,
directed out from positive charge and in toward negative. Equation (22)
says that there simply cannot be a nonzero net flux of magnetic field lines
through a surface enclosing a volume. Could we isolate a magnetic north
pole, analogous to a positive charge, we could have a net outward flux—
and an isolated magnetic south pole would give a net inward flux. But as
yet there has been no verifiable observation of such magnetic .
monopoles. Then what produces magnetic fields? The answer is in Figure 10

equation (23), generally referred to as Ampere' slaw. The symbol J stands

for current density, current (charge per unit time) per unit area. If thereisaflow of current through an area—
the first term on the right in equation (23)—there will be anet cir culation of magnetic field lines around a
path enclosing that area—the term on the left. In Figure 11, for example, a

current flowing through a wire produces a magnetic field with a consistent

circulation direction along a path circling the wire, so that the dot product T
between the magnetic field B and the vectors dl along the path is always of i \
the same sign (negative in the figure, since B and dl are everywhere By .
opposite). Thus, current produces magnetic field. Equation (23) says that ! TB

there is another source of magnetic fields: an electric field changing with
time. Similarly, the thrust of equation (24), Faraday’ s law of electromagnetic Q
induction, isthat another source of electric fields is amagnetic field changing

%J

with time. We will not investigate the latter two relationships, but s mply note dl'T :
that they tie electric and magnetic fiel ds together inextricably and explain the 1 ¢ d
propagation of an electromagnetic wave through space, in the complete v
absence of charges and currents. Bx /

Figure 11
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(a)

Basic Fields < <||>>—>
A point positive charge g produces a rather simple electric field (see Fig. 10) given by
- 1

- 4T
from the charge. Being always outward, it does give a positive net flux, as equation (21)
demands.® The 1/r2 dependence is like that of the gravitational field around a spherical

- < —> > —>

r% ?, wherer is the distance from the charge and ? is a unit vector directed avay E E

< < |>—>>—>

heavenly body such as Earth. (b)

Another basic case is the uniform field, which is constant in both direction and .
magnitude. One way to produce a uniform electric field isviaavery large plateonwhich ~ — —~ [~ ©
charge is distributed uniformly. If the charge is positive, asin Figure 123, the field points = —>—>|< <
perpendicularly away from the plate (a positive/outward flux through a surface enclosing . E_H_E
any portion of the plate); if negative, asin Figure 12b, the field points toward the plate. -
Often two such plates—one positive, one negative—are placed parallel to each other, asin
Figure 12c. Between the plates, where the two fields are the same in both magnitude and ©
direction, the resulting uniform net field points from the positive to the negative. Outside the
plates, the individual fields being the same in magnitude but opposite in direction, the net G
field iszero! We refer to this configuration as a par allel-plate capacitor. no Lls|| no

A basic magnetic field pattern isthat due to along, straight current-carrying wire, shown ~ field || field
in Figure 11. The field' s direction is tangent to circles centered on the wire, consistently 5
clockwise or counterclockwise depending on the direction of the current.

Whereas a uniform electric field is found inside a parallel-plate capacitor, a uniform Figure 12

magnetic field is found inside a solenoid, Figure 13—current-carrying wire coiled tightly in
acylindrica form.9

For al kinds of fields, if the region of interest is “small,” there will be
little variation of the field over the region, so it can often be treated as
uniform. Earth’s gravitational field, for example, is essentialy uniform—
downward at 9.8m/s>—in a*“small” region near its surface.

Figure 13

Fields and Forces
Among our primary interests are effects of electric and magnetic fields upon charges and currents. Charges
and current produce fields, but they also respond to them. We often regard the field as the intermediary
conveying aforce between one charge or current, which produces the field, and another, which respondsto it.
Experimental observation has verified that the response may be expressed follows: A charge g in aregion of
space in which there is an electric field E and/or magnetic field B (produced by something other than the
chargeitsalf) will experience aforce given by

F=Fe+Fp=qoE+qovxB (25)

A stationary positive charge experiences an electric force Fg = qoE in the direction of E. We measure charge
is coulombs, C. Accordingly, common units for electric field are newtons per coulomb, N/C. The most
familiar charged particles are the proton, of charge +e, where e is the fundamental charge, 1.6x10719C, and
the electron, of charge —e. When qq is negative, the force Fg = goE is opposite the electric field E. If acharge
ismoving it also experiences amagnetic force Fg = qov x B. We defer further discussion of magnetic fields
and forcestill later, concentrating now on electrostatics.

In the parallel-plate capacitor of Figure 12c, thereisafield at al pointsin the region between the plates,
produced by the charges on them. If another charge qo were put somewhere in this region, there would be a
force F = goE on it—but the field E isthere already. There is no force before qq isintroduced and it makes

8 Because we are generally more interested in the effects of fields than in how they are produced, and because of the time that
such derivations would entail, we will not go into the details of showing how a given field results from a given charge or
current distribution and Maxwell’ s equations. We refer the reader to his or her comprehensive introductory text.

9 The field outside is virtually zero, so any path enclosing wire has a net, if inconsistent, circulation of field lines around it—
clockwise if enclosing wire along the bottom, for example.
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no sense that there would be. Given a preexisting field, the force on a charge go put at a given point could be
of any magnitude, depending on the magnitude of g , and either direction, depending on its sign. Indeed we
often regard a “test charge” qo as away of probing a preexisting electric field. The charge qq is introduced
and experiences aforce, the magnitude of the field is given by E = F/|qq|, and its direction is the same as that
of theforceif gq ispositive and opposite if gq IS negative. The relationship between field and force, between a
quantity preexisting at all pointsin space and different possible values of a second quantity when achargeis
introduced, recursin the relationship between two other important quantities, as we now see.

Potential and Potential Energy
Anytime a conservative forceis at play there will be associated with it a potential energy, for which we use the
symbol U. If an object experiences such a force and we have to push on it to move it somewhere, we are
storing/increasing this potential energy. Lifting a weight, subject to the gravitational force, increases
gravitational potential energy; compressing a spring increases elastic potentia energy. Conversely, allowing
the object to move in the other direction, the direction in which the conservative force acts, such as “holding
back” aweight while lowering it, decreases the potential energy.10

Now consider the parallel-plate capacitor of Figure 12c. Moving a charge qq in the region between the
plates certainly involves a change in potential energy—»but isit an increase or a decrease? We would have to
push a positive charge to move it to the left, and would thus be increasing potential energy. But if anegative
charge of the same magnitude were used, the force would at all points be opposite, we would have to hold
back onitin alowing it to move to the left, and the potential energy would decrease by the same amount.11
Clearly we cannot assign a value to the potential energy at any point in space—it depends on the charge
placed there. But there is quantity whose value is well-defined without/before placing a charge somewhere:
the potential V. Just as force can have vastly different values when a charge is placed at a point where there
isan electric field, the potential energy can have different values when a charge is placed at a point where
there is a potential .12

Force and field are related via F = goE. Potential energy and potential are analogoudly related:

U= q0V (26)

Asfield is measured in newtons per coulomb, potential is measured in joules per coulomb JC, defined to be
avolt V.13 An obvious difference between the relationships is that force and field are vectors, while potential
energy and potential are scalars.

Nevertheless, the analogies are very helpful in understanding potential. If we accept that a charge
produces an electric field everywhere around it, which will exert aforce on any other charge introduced, we
should be willing to accept that it also produces a scalar property everywhere, potential, which determines the
potential energy that resultsif another charge isintroduced. Potential is very important for several reasons:
First, useful things such as batteries and generators by nature establish a potential difference between one
terminal and the other. Second, as noted previoudly, potential does have awell-defined value at all pointsin
space, as potential energy does not. But these things are related! If region R is our region of interest, and
charges external to region R are responsible for conditions in the region, these external charges do not
establish forces in region R—the region may contain no charges at al! They establish afield at all points.
Similarly, they do not establish potential energies; they establish a potential at all points. For example, a
12 volt battery establishes a 12V difference in potential between its terminals and nothing can be said of
potential energy until we know something about what charges might be around to respond. Whenever we
spesk of fields, rather than forces, the related scalar quantity will naturally be potential, rather than potential
energy.

10 The best example of a nonconservative force is friction. No potential energy is stored in pushing a book along a table. We
don't get back the energy we expend; it becomes “lost” thermal energy. If thisthermal energy could somehow return to the book
as kinetic energy—violating the second law of thermodynamics—we would have to hold books after sliding them along tables,
to keep them from darting back where they were, meanwhile cooling the table. But this we are never required to do.

11 Alternatively we could simply let it go. Its potential energy would decrease as its kinetic energy increases.

12 One of the most irksome hurdles in learning electrostatics is the similarity of the terms “potential” and “potential energy.” It
is made worse by the fact that even before studying electromagnetism students have probably already become accustomed to the
habit of shortening the term “potential energy” to “potential.” In electrostatics we must be very careful never to do this.

13 By unfortunate convention, the same symbol is used for the quantity and the units in which it is measured. V = 12V, for
example, while looking like an incorrect equation, means that the potential is twelve volts.
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Thisis borne out by two important relationships between the four quantities, which also make clear that
potential is not something “new”; it isinextricably related to the field—where thereis afield there will be a
potential. Introductory mechanics tells us how to find potential energy from force:

2
uz—ulz—J’F-ou (27)

Suppose we divide this equation by go, the charge that might respond to the field but is unknown beforehand.
Inside the integral we will have F/qo which isthe electric field E. On the left of the equal sign we will have
U2/qo — U1/qo - This “potential energy per unit charge” isrelated to field, force per unit charge, exactly as
potential energy isto force. Indeed, it is just what was introduced in equation (6), U/go = V. Thus!4

2
Vo-Vi=- J’ E-dl (28)

If nothing has been said about charges that might be present to experience aforce (i.e., do), the discussion
must revolve around E and V, not F and U.

Equation (28) shows that potential may be calculated at arbitrary point 2 knowing its value at point 1 and
the electric field. In common with potential energy, it isthe differencesin potential that are important and we
are free to choose the zero value at any point we find convenient. Since V can be found from E, it might seem
that potential isredundant. But just as there are timesin introductory mechanics when it is easier to work with
the scalar potential energy than the vector force, the are many occasions when it is easier to work with
potentia than with field.

Figure 14 somewhat summarizes the
relationships. In diagram (a) a battery establishesa (a) 100V (b)
potential difference, 100 volts higher on the | 1
positive/left plate of a parallel-plate capacitor than on I
the negative/right plate. We arbitrarily define the ‘
negative plate to be zero potential, so the left plate is S —
+100V. The labeling of the potential shows a - E - E j
constant rate of change with x. This must be so  F=IN |
because equation (28) says that |dV| = |E| |dx| for a SN &
small displacement parallel to the electric field and A U=
|E| is constant inside a parallel-plate capacitor. The T F-IN_
magnitude |E| of the field has been chosen as U ‘—@ :
104N/C.15 Thus far, there are no forces and no Lo / U=-6m]
potential energies.

In diagram (b) we add a charge ¢, of magnitude Lo Lo
100pC. For apositive go, theforce, F = 0o, istothe 109180 +60 +40 +20 0 +100+80 +60 +40 +20 0
right, magnitude (10-4C)(104N/C) = 1N, and the Potential (V) _
potential energy, U = qoV, is positive at al points. Figure 14
The charge is placed where the potential is +60V,
giving a potential energy of (+10~4C)(60J/C) = +6mJ. The potential decreases to the right, so the potential
energy decreases to the right. When released, a charge should move in the direction of decreasing potential
energy (increasing kinetic), and everything here seems to fit. For a negative qo, the force isto the left and the
potential energies are all negative. For the gqo = =100 C shown in the diagram, the force is again of 1N
magnitude and U = qoV = (-1074C)(60J/C) = —6mJ. The potential energy now decreases to the left, so we
see that a negative charge too, though moving toward increased potential, is pushed in the direction of
decreasing potential energy.

14 |n this equation we see the reason electric field is sometimes expressed in units other than newtons per coulomb, N/C. If a
potential is afield times adistance then afield isa potentia per unit distance, volts per meter, or V/m.
15 Across the entire distance between the plates, we have |AV| = |E| JAX| . With |AV] already chosen to be 100V, in fixing |E| at

10*N/C, or 10%V/m (see preceding footnote), we are fixing the plate separation at 1cm.
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Accelerating a Charge Through a Potential Difference

One of the most basic applications of these ideasis simply accelerating a charge. If apotential difference AV
is established between two plates, a charge qo starting at one plate and accelerating to the other would
experience a potential energy decrease of magnitude |AU| = |go| JAV]. It gainsin kinetic energy what it loses
in potential energy, so itskinetic energy gain would be the same magnitude.

AKE = |qol |AV] (29)

In practice, the plate toward which the charge accelerates usually has a hole at the proper placeto allow the
particle to exit (the hole being too small to affect the fields). Once outside, the field is zero, so the force on the
particleis zero and it moves at constant speed.

It is helpful to plot field, potential and potential
energy versus position for the situation depicted in

Figure 14. In Figure 15, the field between the plates P‘Sﬁg ¢ Niglii?e

is constant and points in the positive direction (to the U (of positive g,)

right), while outside the platesit is zero. As equation 3 ?
+10mJ

(28) demands, the plot of potential is the negative
integral of the electric field plot (as the
E-plot is the negative derivative of the V-plot) and so
islinear between the plates. There are two potential
energy plots because U depends on the qo chosen.
Both are plots of U = oV, but charges of opposite
sign have been chosen, so one plot is the negative of
the other. To accelerate a particle we must start it
where the potential energy is high. Clearly thisisthe
positive/left plate for aparticle of positive charge, and
the negative/right plate for a negative particle.
Accdlerating toward the other plate, the particle gains
kinetic energy as it loses potential energy. After it
exits, the force on it is zero, so its potential energy
doesn’t change. Note that a negative particle after ;
exiting would have a constant negative potential Figure 15

energy. Thisvalueis set by our original assignment

of zero potential at the right-hand plate; a particle that has been accelerated to a high kinetic energy must end
up with apotential energy lower than when it started, lower than zero.

Before moving on, we note an important definition. According to equation (29), if a particle whose charge
is of magnitude e, such as aproton or an el ectron, were accelerated through a 1V potentia difference, it would
gain a kinetic energy of (1.6x10719C)(1V) = 1.6x10719J. This amount of energy we define to be one
electron volt, symbol eV. Thus, 1.6x10719] = 1eV. This is a very convenient definition; an electron
accelerated through 200 volts acquires 200eV of kinetic energy asits potential energy decreases by 200eV .
When dealing with subatomic particles whose charges are specified in multiples of e rather than in coulombs,
electron voltsis usually preferableto joules.
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Magnetic Forces

Equation (25) gives the force a magnetic field exerts on amoving point charge: Fg = qov x B. It isaways
pelrptlagdicular to both the charge' s velocity v and the magnetic field B, the direction given by the right-hand
rule.

Often our concern is the behavior of a steady stream of charges, that is, of a current. Current | is
measured in coulombs per second, or amps A, and is understood by convention to be in the direction of
positive charge flow. Thisistheidea of conventional current. If the moving charges are actually negatively
charged, as they are in common conductors such as copper, the current’s direction is by this convention
opposite the charges' velocity. In determining forces on currents and in many other applications, it doesn’t
matter whether it is negative charges moving one way through awire or positive charges moving the other—
and it is easier to assume positive charge flow.

Figure 16 shows a current flowing in a segment of wire of length |. At speed I
v, al the movingl’ charge Q in the segment will pass through theend intimet = —

[/v. The current is thus given by | = Q/t = vQ/I, so that Qv = II. For a straight ( oY o> @_>O
segment, al this charge experiences a force in the same direction as does a

single charge, so we may simply replace go by Q in the magnetic force equation. !

Qv then becomes 1, and if we define a vector | to have magnitude | and the same Figure 16

direction asthe charge velocity v we arrive at:

Fe=11xB (30)

Dipoles

Thé3 physical world abounds in dipoles. A polar molecule, aneutral molecule with more positive on one side
and more negative on the other, is an electric dipole; an electron orbiting in an atom, forming a loop of
current, isamagnetic dipole. A dipoleis characterized by a*“dipole moment,” a property that we define. But
what isit and why do we define it as we do? Without the definition it is impossible to quantify important
things that dipoles do. To give the most basic argument, in the presence of a uniform electric field, a polar
molecul e experiences no net force, because it is electrically neutral. But it may experience atorque; it may
rotate. How can we quantify thisif all we have isthe net charge—which is zero? Even knowing the amount
of separated positive and negative charge isn’t enough, for torque depends not just on force, but on the length
of the moment arm—how far the charges are separated. At the very least, then, we need to specify—define—
aproperty that gives someidea of how much charge is separated and by how far.

16 point the fingers of your right hand in the direction of the first vector, v, then orient your palm so that it is easiest to curl
your fingers toward the direction of the second, B. Y our thumb gives the direction of the cross product v x B. If qg is positive,
then the force isin this direction; if negative, F is oppositev x B.

17 Usually wires are electrically neutral. Charges of one sign are stationary while an equal density of charges of the other sign
carry the current.
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Electric Dipole
Figure 17 shows an electric dipole, a charge of +qq separated from a

charge of —qg by adistance a. (Here g is understood to be positive; e >
the signs of the charges will be explicitly shown.) It isin aregion I |=a/2//@_)_
permeated by a uniform electric field E (produced by charges + il
elsewhere). The force on the +qo, in the direction of E, and on the /, A

—Qo , opposite E, cancel, so the net force is zero. But there is a Iy I=a/2/ fffff

torque. From classical mechanics we know that torqueis given by © _ a E >
=r x F, its magnitude |r| |F| sin 6.18 Choosing our origin at the 1F_I=ig,lIE] ‘8

center about which the dipole rotates, we have two torques whose R

moments arms r are both a/2. Each has magnitude |t| = |r| |F| sin 6

= (a/2) (qgo |E[) sin 6, and both are in the same direction, tending to Figure 17
rotate the dipole clockwise, so we may add their magnitudes, giving a
total magnitude twice this value.

[tf|=adqgo |E|SNO (31)

We see, then, that to determine the torque we need to know (besides the field, of course) a, go and 6—
properties of the dipole and its orientation relative to the field. But we must also be able to specify the
torque' sdirection. In Figure 17, r x F isinto the page. Instead of specifying all these things separately each
time we wish to find torque, it would be nice to come up with a definition encompassing everything in a
compact form. It isfor this purpose that we define el ectric dipole moment:

magnitude: go a

direction:  from —qg toward +qq (32)

Electric Dipole Moment Vector:  p = g

Why isthis convenient? The magnitude of the torque is now [t| = |p| |E] sin 6, which, since
it isthe same 6 between p and E as between r and F, isthe magnitude of p x E. Moreover,
p x E hasthe same direction asr x F, so it serves to specify the torque vector in both its y,
aspects. g

Tt=pxE (33) Figure 18

Y N

This saysthat for agiven field and angle, the larger the value of |p|, the larger will be the torque. It also says
that the torque is zero when sin 8 is zero. In other words, the tendency to rotate ceases when p is aligned with
E. This vector is defined wisely, for it allows us to express in an equation an important principle: Dipoles
tend to align with fields!

18 |n this discussion of dipoles we will often use absolute value signs where, strictly speaking, they are not needed--with
vectors. According to convention, boldface type is used for avector (e.g., v for the velocity vector). If the symbol appears not in
boldface (e.g., V) it is understood to mean the magnitude, or absolute value, of the vector. However, at certain points hereit is so
important to distinguish vectors from their magnitudes that we often include the redundant absolute value signs.
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Magnetic Dipole
If we could concentrate magnetic north pole at one place and magnetic south pole at another, as positive and
negative charges can be separated, the idea of a magnetic dipole would be completely analogous to an electric
dipole. Following equation (32), the magnetic dipole moment would be an amount of “magnetic charge’
times a separation. It might seem that a*bar magnet,” with its N on one end and S on the other, would fill
the role. From the el ectrostatic analog, we should expect a magnetic dipole to aign with amagnetic field, and
we have all seen abar magnet do this, when a compass aligns with Earth’ s magnetic field. Also, though we
haven't discussed the electric field that an electric dipole itself produces, we should expect a magnetic dipole
to produce a magnetic field of asimilar “shape,” and indeed a bar magnet does produce such afield, known
fittingly as a*“dipole field.” But the bar magnet is deceptive. It has no point containing more N than S, or
vice versa—magnetic monopoles have never been isolated! Yet, if we decide to steer clear of it (the
“mystery” of the bar magnet is discussed afterward), what else fulfills
our expectations?

They are fulfilled by a current loop. Figure 19 shows a rectangular IFt |=1bIBI >
loop of current in aregion of magnetic field. The field exerts forces on
each segment, given by equation (30). Those on the front-most and back-
most segments are equal in magnitude, opposite in direction and they act >
along a line directly through the center of the loop, so they exert no |, k
torque. The forces on the top and bottom segments, though also equal o
and opposite (yielding zero net force), both act so as to rotate the loop
clockwise. Due to the symmetry of the situation, both torques are of the Ibottom | =a/2 \I
same magnitude, [t =|r| |F| sin 8 = (a/2) (I b |B|) sin 6, so the net torque | Fygguo| = 151B]
is twice this magnitude. .

Figure 19
[t|=1ab|B|sinB® (34

With the proper definition we should again be able to write a compact expression for . Noting that the
product ab is ssimply the loop’sarea A, this definitioniis:

magnitude: | A

Magnetic Dipole Moment Vector:  p = é direction: [to plane of loop, by right-hand rule

(35)

Here the right-hand rule is to wrap the fingers of your right hand in the direction of the
current, and the dipole moment vector is the direction of your thumb (see Fig. 20). Since m
the angle 6 between p and B is the same as between r and F, we see that the magnitude of ——
u x B, (IA) |B| sin 6, isthe same as that of the torque in equation (34), and the direction is
alsothesameasr x F. Thus, our definition yields

‘L“‘ \’

T=px B (36) FigureZO

Thetorqueis zero, the dipole is aligned, when p is parallel to B, which is when the plane of theloop is
perpendicular to B. In this sense a current loop behaves just as would a bar magnet oriented perpendicular
to the plane of the loop, as depicted in Figure 21. (It should be noted that while we have
assumed a rectangular loop, definition (35) gives the correct torque regardless of the "
loop’s shape.) Moreover, a current loop meets our other expectation for a dipole: It ___<

\/

produces a magnetic field of the characteristic dipole “shape” (at sufficient distance), and N B
itisoriented, again, just as would be the field of the bar magnet shown in the figure. The N>
definitions of electric and magnetic dipole are not perfectly analogous—|p| is a charge >

times a distance while || is a charge per unit time times an area—but a current loop Figure 21
exhibits the important behaviors we expect of adipole.
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Finally we note that if we view the electric monopole (i.e., point charge) as the fundamental source of
electric fields, then, there being no magnetic monopoles, we must view the magnetic dipole as the fundamental
source of magnetic fields. A bar magnet, for instance, does not contain N and S monopoles; it is countless
microscopic magnetic dipoles—whose directions are largely aligned—in the atoms spread throughout the
magnet. This explains why breaking a bar magnet apart just makes two smaller ones.

Dipole Orientation Energy

If something has a tendency to rotate one way, then to rotate it the other way we must do work, store potential
energy. One way to calculate the potential energy associated with the orientation of adipolein afield isto
integrate the torque. Aswork is [ F dx for linear motion, it is [ T d8 for angular motion. Our torques are of
magnitude |p| |E| sin 6 and |y| |B| sin 6, are the corresponding potential energies are:

U=-|p| |E| cosB =-p-E U=-|u||B|cosB=-u-B (37)

Asaways, the location of zero potential energy isamatter of choice. By inspection, it is chosen so that U is
zero when cos 6 is zero, when the dipole vector is perpendicular to the field. In either Figure 18 or 20, if 6
wereinitialy 90°, the dipoles would tend to rotate clockwise to align with the field, which means that being
aligned with afield isalower potential energy state. Equations (37) agree; when 6 = O, the energy is negative.
Conversely, we would have to do work to rotate either dipole to 8 = 180° and would thus increase the
potential energy. Again equations (37) agree; U is positive when cos 8 = —1. A dipole opposite afieldisa
highest energy state. It isworth reiterating: Dipolestend to align with fields.

Force on a Dipole

In Figures 17 and 19, the forces responsible for the nonzero net torque act, of course, at different points.
Pairs of forces were equal and opposite—the net force was zero—because the field was assumed uniform, of
the same magnitude and direction at all points. In anonuniform field, the forces might either be of different
magnitudes or different directions or both, and the net force would not be zero. The upshot isthat adipolein
anonuniformfield will in general experience aforce as well as atorque. Perhaps the most common example
is the force between two bar magnets. Each produces a nonuniform field and each experiences anet forcein
the presence of the field produced by the other. The force may be found via F = — VU, the gradient operator

V involving, as always, derivatives with respect to the coordinates x, y, and z.1° From the potential energy
formulas (37) we see that, since neither |p| nor |u| depend on location (they aren’t functions of x, y, z), the
force on adipole at a given orientation angle can be nonzero only if the field varies with position.

Dipolesin the Real World

We have introduced el ectric and magnetic dipolesfairly rigidly: two point charges and a well-defined loop of
current. In practice, things are often more complicated. A polar molecule is acharge distribution. Thereisno
place to which we could point and say “There isthe +qo!” Similarly, an electron orbiting in an atom does
not follow a well-defined loop. Nevertheless, these things have dipole moments. Indeed, we often “work
backward,” measuring the torque in a known field to find p or pu, which might then tell us something about
the charge or current distribution.

19 The relationship F = — VU follows directly from equation (27), a general relationship between force and potential energy.
Loosely speaking, if U isthe negative integral of F, then F is the negative derivative of U. Still, simple though the expression
may appear, the force can be fairly complicated to analyze, particularly in the magnetic case.



22 The Wave Equation—Waves on a String

The Wave Equation—Waves on a String

In the final analysis, the one thing governing how a wave behavesis the wave equation that it obeys. Each
kind of wave is different, and so is its wave equation, but all are differential equations, that is, equations
involving derivatives of the function describing the wave. The “matter waves’ we discuss in quantum
mechanics obey the Schrodinger (wave) equation, and, though of course different in some ways, many of the
potential hurdlesin understanding matter waves can be removed by first gaining a good grasp of the simplest
case of awave eguation and the waves that obey it—waves on a string. The topic is a good bridge between
introductory mechanics and the more advanced applications of modern physics.

* * * *

A string stretches between two fixed ends. We pluck it. What will it do? Naturally we expect some sort of
disturbance to propagate along the string, but what is often overlooked is that it is simply obeying the
fundamental (classical) law governing the movement of things—Newton’s second law of motion. It is
overlooked because the nature of the application dictates that we put the second law in an unusual form.

We assume that the string lies along the horizontal x-axis and that we are interested in transverse
displacements, that is, displacements in the y-direction, as depicted in Figure 22a. Now we face a question:
We can't analyze the entire string’s motion
al at once, since as awhole it doesn’'t go

anywhere, so where does our analysis @) i
start? We consider a small segment, and X >
apply the second law toit.

Let us focus on a segment of mass Am §
and length Ax, extending from x to x+Ax, as Ax

Y String

shown in Figure 22b. Its acceleration is (mass/length 1)

due to the net force acting on it. Ignoring

gravity, there are two forces, exerted by the b =Ttan 6’
parts of the string outside the segment: one (b) Y L
pulling left (more or less) and the other N /| 0% e+ dx
pulling right. Unless these are of equal “g‘me T =

magnitude and opposite direction, the =1 %L ‘ ‘

segment will accelerate. Because things can
get very complicated otherwise, we assume .
that the displacements are small—that the Figure 22

string, though deformed, is still nearly flat

(unlike the exaggerated figure). This means that the angles 8 and 8" are small. We also assume that the
tension T in the string, while perhaps varying to some extent, is still effectively the same value everywhere.20
Accordingly, the forces' x-components—nearly equal to 1 itself, since the string is nearly flat—cancel, while
their y-components vary quite a bit from one place to another. (For small a, cosa 01, whilesina Ca,
which can double, triple, become negative, etc.) Thus, there can be acceleration aong the y-direction, and if the
two forces' magnitudes are indeed equal it will be due solely to pulls at the segment’s edges in dlightly
different directions. Figure 22b shows the forces' vertical components and how, for small angles 6 and 6°,
they are related to the tension T and the string’ s dopes at the edges of the segment. Any acceleration is dueto
the varying slope along the string, and the slope is the rate of change—the derivative—of y with respect to x.
Thisisapartial derivative with respect to x because the string’s displacement y in general varies not only
with x (i.e., along the length of the string), but also with time t—the displacement isreally y(xt). We now have
all we need to apply Newton’s second law.

Newton’s Second Law: may = ZFy - Amay =T ayg(,t) A L ayé);’t) "

20 These assumptions are borne out well in many situations, but fail if the wave amplitude is too large.
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We have considered a“small” segment, but where do we draw the line? If we allow Ax to be zero, then
Amwould zero and the slopes would be equal—and 0 = 0 doesn’t tell us much. Thetrick isto first divide by
Ax, then let Ax approach zero.

ay(x.t) _0y(xt)
Am I 0X |x+ax ox [x

XY™ AX

The ratio AmyAx is ssimply the mass per unit length P, which is a constant and therefore finite as Ax goesto
zero. But if the left sideis now finite, so must be theright side. What isit? By the definition of the derivative,
dg(x) _ limit 9(x+Ax) — g(x)

b =Mmo0 A Iitisthesecond derivative of y(x,t) with respect to x, arate of change of arate of
change (the function g representing the first derivative % of the function y). Thus,
0%y(x.t)
H ay =T axz

Finally, noting that the segment’s (vertical) acceleration is by definition the second derivative of its (vertical)
displacement with respect to time (not x), we have the wave equation

02y(x) _ . 02y(x.t)
ot 2 Ox2

Wave Equation (38)

Clearly, this does not look much like F = m a, but we have shown that it follows directly from it. How isit
more useful? Again, it isno use to consider the string as awhole; awave gives a string curves, and the wave
equation speaks of curvature—a2y/ox2. Where this second derivative is positive, concave up, we should
expect the string to be pulled upward (toward flat), with an upward acceleration, meaning that the other
second derivative, d2y/0t2 , should also be positive. Thisis exactly what the wave eguation says.

Solving differential equations like (38) isatopic in itself. We will be content to say that the displacement
y(x,t) must be a solution of this unusual statement of Newton’s second law, and one solution isany function

whose argument is x +/T/u t, that is, any function of the form y(x + \/t/u t). To verify that it isa solution, we
plug it in, but to streamline the task, we use the symbol A for the argument; that is, A= x +/T/u t, so that
y(x,t) = y(x £ /T/u t) becomes y(A). Now, noting that g#? =++/1/u and gé = 1, and making liberal use of the
chainrule,

Left-hand side of (38): az_\{(;\) =ud (M) =p 3 (PR 97 - ("V(A) (£l ))
2 2
=t V_H T (ay(A)) 7 aa%%) aA = 7 aa%%) (iv_'[/ 9 ) =T 6632/%)
Right-hand side of (38): 1240 =1 2 (28) =+ ax A 5 =tax (el 1)
BENCTO MR O TN
T ox 02A  OX 02A 1 92

In general, afunction y(x + \/T/u t) may be thought of as a plot of y(x) displaced to the right (— sign) or
left (+ sign) by an amount \/T/u t. Astime t increases by one second, the function moves a distance of /T/.

Thus, the shape merely “slides’ undeformed right or left along the string at the speed \/T/u . We might have
worried that requiring y(x,t) to obey equation (38) would somehow conflict with our freedom to initially
deform the string as we please, but we have shown that the equation holds no matter what the function y

might be (sin, cos, sech), just so long asits argument is x + /T/u t. It merely requires that, to obey Newton's
second law of motion, the shape we choose propagate undeformed at constant speed v =+/T/u .
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Interference and Diffraction

The propagation of awave can be very complicated. Invariably it is governed by an underlying wave equation,
adifferential equation that is different for each kind of wave (e.g., sound, light). However, though we will
refer hereto light, certain behaviors are common to all kinds of waves and many of these can be explained on
the basis of one plausible and fairly simple assumption: that each point of a propagating wave alone acts as a
source of wavelike disturbances spreading uniformly in all directions and the net result isthe algebraic sum
of al these disturbances, or wavelets. Thiswe know as Huygens' principle.21 Behaviorsthat it can explain
and that are very important to understanding quantum mechanics are interference and diffraction.

* * * *

Single Point Source
Figure 23 shows light waves spreading uniformly in all directions from a
single point source. At a given instant of time, different points in space

“see” different parts of the cycle. At some points the oncoming waveis at its
maximum, at others its minimum. But so long asthere isjust one source, the
important result—what we would see—is very simple. The wave hereis an
oscillating electric field,22 but we don't see electric fields; we see the average
intensity of the oncoming wave, and if we average over time, the part of the
cyclewe see at a particular instant is unimportant.

Let us show this, by calculating the average intensity. We assume that at
our chosen “observation point” the electric field is given by Poiﬁ>>>>>

sourc:
Eo sin(wt — ¢) (39)

where Eg is the amplitude of the oscillating field, wisits angular frequency
(w=2mf =21/T, where T is the period), and @ is a phase factor determining
what part of the cycle occurs at the observation point at the instant t = 0.

Intensity is proportional to the square of the oscillating wave.23 For our
purposes, we will simply use k for the proportionality constant. Thus, we

have Figure 23
I(t) = k E2 sin2(cot — ) (40)

Averaging over one period T then yields
- 18 5. 1t sin(2wt-2
| =Tgk539n2(0ﬁ—¢)dt =kE§-|-(2‘(4w(p))§ =%kE§ =l1source  (41)

Regardless of the value of @, the sine function, being periodic, isthe samevalueatt=0andt =T. Thus, it
drops out when evaluating the antiderivative at its limits (remember: T = 217w), leaving the average intensity
independent of time, as expected.

21 We won't discuss the principle in detail. Still, it is certainly reasonable that each individual point of an oscillating
wavefront, were it the only thing oscillating, would cause a disturbance everywhere else around it at some later time, that this
disturbance would propagate outward in all directions at the wave' s characteristic speed, and that the overall behavior would be
the sum of behaviors caused by all these individual disturbances.

22 Of course Maxwell’s equations tell us that there is also a magnetic field part, but it propagates along in phase with the
eectric field part, so to understand the interference of one is to understand the interference of both.

23 | ntensity is power per unit area, or equivalently, energy density times speed, and energies simply tend to depend on squares
of things—Kkinetic energy on the square of the speed, elastic (spring) potential energy on the square of the displacement,
electromagnetic field energy on the square of the field, etc.
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Two Point Sources—Double-slit Interference

Interference and Diffraction

If we now consider two point sources, we must add the two waves reaching our observation point. Whileitis
true that the amplitude and thus intensity of waves naturally diminish as waves spread from a point, we need
not be concerned with this, for we will consider only cases where all observation points are about the same

distance from the sources. Of course they cannot be exactly the
same distance from different sources, but they are close enough to
ignore any variation in the amplitude. For instance, suppose we
consider light of 500nm wavelength spreading from two point
sources 1, cm apart (a rather large separation as physical optics
goes). As depicted in Figure 24, there is an observation point
precisely 1 meter from both. Wavelets from the two sources would
each have 2,000,000.0 wavelengths (1m/500nm) to travel to this
point, would thus have precisely the same amplitude, and would
interfere constructively. Another observation point is 0.999950m
from one source and 1.000050m from the other. Traveling

distances differing by only . .%, the two wavelets will still have

essentially equal amplitudes. However, these distances are
2,000,100.0 and 1,999,900.0 wavelengths, respectively. While these
also give constructive interference—differing by an integral
number of wavelengths—it is clear that at observation points in
other directions the interference might be constructive, destructive

0.999950m
1.000050m

Observation
point

Observation

L 1.000000m point
Sources 1.000000m
Figure 24

or anything in between. In the cases we consider, it is not any variation in the amplitude of the interfering
waves that causes the complexity of the overall intensity pattern; rather, it is the stark sensitivity, when
summing multiple waves, to whether those waves arein phase or out of phase.

Let us determine the average
intensity. As shown in Figure 25,
the distance between the sources is
d, and point C is halfway between
the sources. The distance from point
C to the observation point is L, and
the observation point is at an angle ©

from the perpendicular bisector to
the line passing through the sources.
We assume that L is so much larger
than d that lines from the sources to
the observation point are nearly
paralel. Thus we see that the length
I> of the line from source 2 to the
observation point is longer than the
length 11 from source 1 by d sin 6,
the so-called “ path difference.” The
distances from the two sources to
the observation point are therefore
either longer or shorter than L by one half of d sin 6.

Figure 25

li=L-1dsin®

Point
source 2 "

Observation
point

dsin 0

l=L+1dsin®

It is best to set things up symmetrically about point C. Suppose that a source at point C (thereisn’t onel)
would produce an electric field at the observation point given by Eq sin(wt — ¢). A wave traveling adistance to

the observation point differing by Al would be displaced %I cyclesrelative to this one, and at 2m radians per
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cycle, itselectric field would be Eg sin(wt — @ — 211%' )- We have two such waves, with Al =+ 1d sin 6, and
the intensity, proportional to the square the net eectric field, includes the contributions from both.

1 i 1 i
Etotal(t) = Eo sin(wt — @+ ZHW) + Eo sin(wt — @ - 2 2 d)\s'n 0 ) (42)

Using the identity sin(a+b) + sin(a—b) = 2 sin a cos b, this becomes,
. Tt .
Etotal(t) = 2 Eo sin(wt — @) cos(; d sin 6)

Note that this is simply the one-source electric field (39) multiplied by the factor 2 cos(5 d sin 8). No matter
what time t we consider, the net field and thus the intensity will be zero when this factor is zero. To find the
average intensity, we square Eyqt4(t) then average over time; but since 2 cos(%[ dsin 6) doesn’t depend on t,

its square comes out of the average-intensity integral, in the end simply multiplying the one-source intensity
of equation (41).

- dsin®
| :4C052(T[ )S\In ) I]_-g)urce (43)

Cosine squared varies between zero and amaximum of unity, which occurs when its argument is any integral
multiple of 1. We see, then, that the intensity is maximum, four times the one-source intensity, when the
following condition holds:

Constructive interference: nd)\sme: mTt or dsn6=mA m=0,12,.. (44)

This makes sense. At angles 6 where the path differenced sin 6 is an integral number of wavelengths, there

should be constructive interference; the electric field waves from the two sources add, and an electric field

twice as large means an intensity, proportional to the field's square, four times as large. At the other extreme

are the angles 8 where cos?([td sin 8]/A) is zero—destructive interference.
Figure 26 plots intensity (43) versus angle 6 along a

screen. The value of m gives the order. The constructive

interference corresponding to m = 0, where 0 is zero, we Lsin~!(4)\/d)

refer to as the “zeroeth order maximum.” At the angle 6

corresponding to m = 1 we find the “first order 301 onder max, rsin”!(3Md)
maximum,” and so on. Logically, the pattern repeats 2nd order max. L sin—1 (2/d)
symmetrically on both sides of center. Moreover, the

maxima move to angles farther from the center as d/A 1t order max. Fsin~! (14/d)

decreases, which we see in the labeling of the 8-axis and .
from equation (44); to obtain a path difference of agiven Sources
number of whole wavelengths with asmaller d and/or larger Fsin~! (1M/d)
A would require a more pronounced imbalance of path

L 0

Screen
«— D —>

| cin—1
lengths—allarger angle. sin”(2Md)
The question might be asked: Why do we spend so sin~!(30\/d)
much time studying two-source (or two-dlit) interference?
The answer isthat interference effects involving waves are Fsin”! (40/d)
everywhere. Often they are due to essentially only two < T o cos(m d sinB/A)
sources, but in any case, two-source interference is the Figure 26

simplest to analyze, and it isaways best to start smple.
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Finite-width Source—Single-slit Diffraction

It certainly sounds as though “the single slit” should be easier to analyze than “the double dlit.” Well, yes
and no. If by single dit we meant a single point source, and by double dlit two point sources, the single would
be simpler. In fact, these are the two cases we have aready considered, and the two-source was a more
complex “problem.” However, a single point source involves no interference at all and so is somewhat
uninteresting. Accordingly, when in physical optics we refer to a“single dlit,” it is usually understood to
mean afinite-width dit—not a single point source, but an infinite number of them spread over the finite width
of the dlit. As might be imagined, with an infinite number of sources, the interference is more complicated
than for just one or two point sources, and it goes by a different name: diffraction.
Usually, when we refer to the double dlit we are referring to a case where the two sources y I
may indeed be treated as point sources, and this is why “the double dlit” is easier to

analyze than “the single dlit.” The double slit would be more complicated than the single A

ditif by double slit we meant two finite-width sources. This case, less often referred to, at ”

least in modern physics, we discuss briefly later. lo |2
Consider a barrier in which there is a single dlit of width w, as shown in Figure 27. 2

Applying Huygens' principle, we treat the wave passing through the dlit as an infinite
number of point sources, all in phase with each other, from which wavelets spread in all A
directions. Accepting that the interference of so many sources might become complicated,
let us consider just two cases where we can argue easily whether it is constructive or
destructive. First, to reach an observation point a 6 = 0, wavelets traveling from every point
in the finite width of the dlit would have the same distance to travel—they should interfere
constructively.24 Second, consider a point where the angle 0 is such that w sin 6 is exactly one wavelength, as
depicted in Figure 28. Were we to have ssimply two point sources at the edges of the dit, the one-wavelength
path difference would lead to constructive interference. However, there are
now intervening sources. In fact, the wavelet emanating from the point at the
dit’s exact center would travel a path to the observation point whose length
differs from either of the previous two by one-half of awavelength. Clearly
it would destructively interfere in some way. The most common approach is
to assert that the center wavelet cancels one of those from the edge; let us
assume that it cancels the wavelet from the bottom edge. Now, the wavel et
from the source a distance dy above the dlit’s center cancels that from the
source a distance dy above the bottom edge, because these two wavelets

must also have a path difference of %)\. Moving up dy each time, we may )
cancel wavelets, in pairs, from every sourcein the dit. In other words, at this Ay I~
angle, where w sin 8 = A, we should have completely destructive
interference.

Figure 27

--~ Equal distances from this
line to observation point

Sources

S
~

I\ out of phase

Sources

%\ out of phase

Figure 28

24 They don't all have exactly the same distance; the distance from the dlit’s outside edge to the observation point at 8 = 0 is
VLZ+ (w/2)2, but in typical cases L (~1m) is so much larger than w (~1um or less) that this distance is effectively just L.
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It is possible to find other, larger angles at which the interference is completely destructive—such as
having a; A path difference between sources ; w, rather than  w, apart?>—but there is a better way: Let us
calculate the intensity. Before squaring to find intensity, we must add the electric fields reaching a given

observation point from the infinite number of sources, which we assume stretch fromy = - "—" , the dlit’s

bottom, toy = + , itstop. Of coursethisis an integral. However, adding waves from an |nf|n|te number of

sources, each of flnlte intensity, would give an infinite total intensity, so we must first scale down the electric
field produced at the observation point from each source. Let us choose it so that the total when summed
(integrated) over the wavelets from al the sources along the dit would be the same E, as before.

dE=Eo) dy

Ignoring any phase differences, integrating this fromy = —V§V toy=+ ‘%’ would give Eo. Now to the path

differences. In the two-point-sources case, the distance from the point halfway between the sources to the
observation point was L and the distance from a source to the observation point was longer or shorter by

%d sin 6. Observing that we now have a dlit of width w rather than two sources separated by d, we may
express the distance to the observation point from an arbitrary source as L —y sin 6. Note that this has the

proper limits: L for the source at the very center of the dlit (y = 0), longer by ‘%’ sin 6 for the source at the

dit'sbottom, y = - %', and shorter by ¥/ 5 sin 6 for the source at its top. Now we may write down, aswe did in

equation (42) for the two-source case, the total electric field at the observation point corresponding to the
angle 6.

w
2

d
Etotal(t) = EOWy n(oot—cp+ Ty sino)

Ns—F— +

Carrying out the integration,

w
£ cos(wt - @+ 3"ysin6)[ 2
Etotal(t) - 70 211N 6
A w
2
E, cos(wt -+ 2)\"Wsm 8) - cos(wt — - 2—nwsm 0)
T w 21msin 0 (45)
A
Using the identity cos(a+b) — cos(a—b) = -2 sina sin b, this becomes
2w T[WSln 0
E. sin(wt-@ sin(5 5 sin6) _ sin( )
Erota(t) = 2 >Tsin B = Eo sin(wt - ¢) W (46)
A A

25 The approach doesn’t work for constructive interference. It would seem that if the bottom-edge-of-slit source and center-of-
dlit source have a path difference of one whole wavelength, so would each other pair. True, each pair would be in a constructive
interference condition. But one pair would be slightly out of phase with the next, so the interference would not be completely
constructive for all sources. Only at the very center of the pattern is this the case.
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Equation (46) isjust the one-source dlectric field (39) multiplied by the factor sin("/3" %), TWSn8 A

in the two-source case, this factor does not depend on t, so when the average-intensity integral is carried
through, its square will simply multiply the one-source intensity.

. (/TTWSin 0\[2
- _ n—x )
I = Twsine l1-source (47
A

At the center of the pattern, where 8 = O, the fraction becomes zero over zero, but L’ Hopita’ s rule shows it to
be unity. In fact, theratio (sin a)/a is never larger than unity, so we see that the maximum intensity occurs at
0 = 0; aswe expected, al sources constructively interfere at the pattern’s center. Destructive interference, zero

intensity, occurs when the numerator sin("

. ino . . : .
which occurs when "W)\S' s any nonzero multiple of Tt Thuswe arrive at the condition:

n e) is zero but sin 0 itself (i.e., the denominator) is not zero,

Destructive interference: T[W)\S'n o mTt or wsnB=mA m=123 .. (48)

This agrees with our earlier argument that destructive interference should occur where w sin 0 is exactly one
wavelength.

Sadl%/t, expressions (44) and (48) look the same—but they aren’t! The interference of two points sources
isentirely different from the interference of an infinite number of sources, so thereis no reason one equation
should not give points of constructive interference while a similar-looking equation gives points of destructive
interference.

Intensity (47) is plotted in Figure 29. The angle corresponding to m = 1 is the “first order diffraction
minimum,” to m = 2 the “second order diffraction minimum,”
and so on. (Remember: m = 0 is a maximum.) From equation
(48) and the labeling of the B-axis in the figure we see that a 214 order min. § sin-! (20/w)
smaller value of w/A would cause the important features, the
diffraction minima, to be found at ever larger angles 6—the
pattern spreads out. In fact, in the special case w = A, the first- 15t order min. } sin~!(12/w)
order minimum would be found at 90° In other words, it

wouldn’t be found at all! The sources are not far enough apart, £ )

in terms of wavelengths, to completely cancel one another; there ~ &ro o

would be nonzero intensity emanating at all angles within 90° of || Sources i !

center. In the extreme case, where w << A, the fraction in ()
Sin w

equation (47) is (sin a)/a with a approaching zero, which is
unity regardless of 6. In other words, the intensity isthe samein
all directions, just asfor a point source. We see then that a single sin-! (20/w)
dlit will behave as a point source so long as the dlit width is
much less than the wavelength. At the other extreme, w>> A, the
intensity is still necessarily maximum at 6 = 0O, but at nonzero
angles the numerator of equation (47) is bound between 0 and 1 Figure 29

while the denominator becomes very large. That is, the intensity

goes to zero for any angle 6 other than zero. The wave is not diffracted to the sides, but continues moving
essentially in astraight line.

While 2-dlit interference is important as the simplest case of multisource interference, the single dlit is
important because waves passing through apertures happens all the time (e.g., sound through doorways, light
through pupils), and it is important to know whether the wave will continue in a straight line, as it will if
w>> A, spread out in all directions, asit will if w<< A, or exhibit some interesting angle-dependent variation
initsintengity, asit will if wiscomparableto A.

< o [sin(mw sinO/A)/mww sinO/A]2
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Two Finite Slits

When light passes through two finite-width dlits, the result is a combination of
single-dlit diffraction and double-dlit interference. Single-dit diffraction governs
how much light would actually get to observation points at various angles from
each dlit, then “simple” two-source interference takes place between the light
that does get there from the two. To best quantify it, we would integrate the
electric field contributions as we did for a single finite-width dlit, but over two
separated regions (i.e., the dlit openings). The resulting intensity is plotted in
Figure 30. The angles at which the two-source maxima and the diffraction
minimaare found can be varied independently of each other because they depend
on d/A and wW/A, respectively, which are of course independent. For instance,
keeping d/A fixed but allowing w/A to become very small, thus spreading out the
diffraction pattern only, would recover the two-point-source pattern of Figure 26.

Many Sources

2-source > -
interference <7~
1-slit
diffraction

Figure 30

In conclusion it is worth mentioning that, roughly speaking, whenever there are many sources interfering, itis
hard to obtain constructive interference and easy to obtain destructive. If sources are regularly spaced, and
waves from adjacent ones are out of phase by exactly an integral number of wavelengths, then all will
constructively interfere. However, if waves from adjacent sources are out of phase by even a small fraction of
awavelength, then the wave from one source and another one dozens, hundreds, even thousands of sources
“down the line” will be a half wavelength out of phase, as will the two sources next to these, and so on,
leading to essentially complete destructive interference. Thisiswhy “diffraction gratings,” often employing
thousands of narrow dlits, produce almost complete darkness between the tiny, isolated bright spots. It iswhy
diffraction from a crystal (i.e., from many, regularly-spaced atoms) similarly produces bright, well-defined
spots. And it iswhy awide single dlit, with many sources, produces a narrow, straight-line beam surrounded
by darkness, while anarrow dlit, with “only afew” sources, allows the wave to spread in all directions.



