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Hilbert spaces: states |ψ〉; inner product 〈χ|ψ〉 = 〈ψ|χ〉∗; 〈χ|cψ〉 = c〈χ|ψ〉 and 〈cχ|ψ〉 = c∗〈χ|ψ〉
orthonormality: 〈ei|ej〉 = δij ; completeness: |ψ〉 =

∑
〈ei|ψ〉|ei〉 for any |ψ〉

for continuous states, orthonormality: 〈α|β〉 = δ(α− β); completeness: |ψ〉 =
∫
dα〈α|ψ〉|α〉

Schwarz inequality |〈α|β〉|2 ≤ 〈α|α〉〈β|β〉
Operators: adjoint 〈χ|Âψ〉 = 〈Â†χ|ψ〉; hermitian ⇒ Â† = Â; unitary ⇒ Û†Û = 1

matrix elements Aij = 〈ei|Â|ej〉; 〈ei|Â†|ej〉 = 〈ej |Â|ei〉∗

Commutators: [Â, B̂] = ÂB̂ − B̂Â, [x̂, p̂] = ih̄

Eigenstates and eigenvalues: Â|a〉 = a|a〉; Â hermitian ⇒ a real
if eigenstate |a〉 can be written as |a〉 =

∑
i ci|ei〉 then

∑
j Aijcj = aci

characteristic equation: det |Aij − aδij | = 0
(generalized) eigenstates of a hermitian operator are (usually) complete

Momentum operator: p̂ = h̄
i
∂
∂x

Hamiltonian: Ĥ = p̂2

2m + V (x) = − h̄2

2m∇
2 + V (x)

Position and momentum representations: |a〉 = δ(x− a), |p〉 = 1√
2πh̄

eipx/h̄

φ(p) = 1√
2πh̄

∫
dx e−ipx/h̄ψ(x)

General probabilities: given state |ψ〉, observable Â with eigenstate |a〉:
Prob(A = a) = |〈ψ|a〉|2

Probabilities: position and momentum Prob(a < x < b at time t) =
∫ b
a
ψ∗(x, t)ψ(x, t)dx;

Prob(a < p < b) at time t) =
∫ b
a
φ∗(x, t)φ(x, t)dx

Energy eigenstates:
∫
ψ∗m(x)ψn(x)dx = δmn, ψ(x) =

∑
n cnψn(x), with cn =

∫
ψ∗n(x)ψ(x)dx

and Prob(E = En) = |cn|2

Probability current: ∂
∂t (ψ

∗ψ) = − ∂
∂xJ, with J(x) = h̄

2im

(
ψ∗ ∂ψ∂x − ψ

∂ψ∗

∂x

)
Expectation values: 〈Ô(x, p)〉 = 〈ψ|Ô|ψ〉 =

∫∞
−∞ ψ∗(x, t)Ô(x, h̄i

∂
∂x )ψ(x, t)dx

Uncertainties: ∆Â =
(
〈Â2〉 − 〈Â〉2

)1/2

General uncertainty principle: in state |ψ〉, ∆Â∆B̂ ≥ 1
2 |〈ψ|[Â, B̂]|ψ〉|

Energy-time uncertainty principle: ∆E∆t ≥ h̄
2 with ∆t = ∆B̂/(d〈B̂〉/dt)

Schrödinger equation: ih̄∂∂tψ(x, t) = Ĥψ(x, t)

Time-independent Schrödinger equation: Ĥψ(x) = Eψ(x) ; ψ(x, t) = e−iEt/h̄ψ(x, 0)

Evolution of expectation values: d〈Â〉
dt = 〈∂Â∂t 〉+ i

h̄ 〈[Ĥ, Â]〉

Continuity: ψ(x) is continuous everywhere; dψdx is continuous except at points where V is infinite;
for delta function potential, integral of Schrödinger equation gives additional matching condition

Group and phase velocity: E = h̄ω, p = h̄k

Given ω = ω(k) (dispersion relation), vgroup = dω
dk vphase = ω

k



Free particle: Ĥ = p̂2

2m

Plane wave: Ψ(x, t) = Aeikx−iωt, k = p
h̄ =

√
2mE
h̄ , ω = E

h̄

Superposition: Ψ(x, t) = 1√
2πh̄

∫
Φ(p, t)eipx/h̄dp

Infinite square well: Ĥ = p̂2

2m + V, V =
{

0 0 ≤ x ≤ a
∞ elsewhere

ψn(x) =
√

2
a sin

(
nπ
a x

)
, En = n2π2h̄2

2ma2

Harmonic oscillator: Ĥ = p̂2

2m + 1
2mω

2x̂2, En =
(
n+ 1

2

)
h̄ω

â± = 1√
2mh̄ω

(∓ip̂+mωx), x̂ =
√

h̄
2mω (â+ + â−) , p̂ = i

√
mh̄ω

2 (â+ − â−)

Ĥ = h̄ω
(
â+â− + 1

2

)
= h̄ω

(
â−â+ − 1

2

)
[â−, â+] = 1

â−ψ0 = 0, â+ψn =
√
n+ 1ψn+1, â−ψn =

√
nψn−1

ψn(x) = cnHn

(√
mω
h̄ x

)
e−

mω
2h̄ x2

Piecewise constant potentials: suppose V = V0 is constant in some region
If E > V0:

2m(E−V0)
h̄2 = k2, ψ(x) = A sin kx+B cos kx = Ãeikx + B̃e−ikx

If E < V0:
2m(E−V0)

h̄2 = −κ2, ψ(x) = Ceκx +De−κx = C̃ coshκx+ D̃ sinhκx

eikx ⇔ right-moving, e−ikx ⇔ left-moving

Reflection and transmission: for incoming free particle from left (x� 0):
ψ(x) = eikx + re−ikx for x� 0; ψ(x) = teikx for x� 0
reflection probability R = |r|2, transmission probability T = |t|2

Scattering matrix: for particle that is free for x� 0 and x� 0:
ψ(x) = Aeikx +Be−ikx for x� 0; ψ(x) = Feikx +Ge−ikx for x� 0(
B
F

)
=

(
S11 S12

S21 S22

) (
A
G

)
= S

(
A
G

)
, with S unitary


