Some Useful Facts for Physics 115A

Hilbert spaces: states |1)); inner product (x|} = (¥|x)*; (x|c¥) = c(x|¥) and (cx|v) = *(x|¥)
orthonormality: (e;|e;) = d;;; completeness: |) = > (e;|)|e;) for any 1)
for continuous states, orthonormality: («|3) = §(a — (3); completeness: |[¢) = [ da(a|y)|a)
Schwarz inequality |{«|8)|> < (ala)(8]8)

Operators: adjoint (y|Ay) = (ATx|¢); hermitian = AT = A; unitary = UTU =1
matrix elements A;; = (e;|Ale;); (ei|Afle;) = (ej]Ales)*

Commutators: [A, B] = AB — BA, [&,p] = ih

Eigenstates and eigenvalues: A|a) = aa); A hermitian = a real
if eigenstate |a) can be written as |a) = >, ¢;le;) then Y-, Ajje; = ac;
characteristic equation: det |A4;; — ad;;| =0
(generalized) eigenstates of a hermitian operator are (usually) complete

Momentum operator: p = 7 gm

Hamiltonian: H = ;—m +V(x)= —%VQ +V(x)

Position and momentum representations: |a) = §(z — a), |p) = \/ﬁeim/h
6(p) = o [ da e/ M(a)

General probabilities: given state i), observable A with eigenstate |a):
Prob(4 = a) = |{$]a)

Probabilities: position and momentum Prob(a < z < b at time t) = f: v (z, ) (x, t)dz;
Prob(a < p < b) at time t) = fb QS* x,t)p(z,t)dx

Energy eigenstates: J i (@) s (x)dx = Smn, (x) =D, cnthn(), with ¢, = [ (2)¢(z)dx
and Prob(E = E,,) = |c,/|?
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Expectation values: (O(z,p)) = (¥|O) = 75 (2, )0 O (x, Zﬁ)w(x,t)dx

Probability current: & (y*¢) =—2-J, with J(z) =

R N ~ o\ 1/2
Uncertainties: AA = (<A2> - (A)2>

General uncertainty principle: in state [¢), AAAB > %|<z/1|[fl7 B]|¥)]

Energy-time uncertainty principle: AEAt > % with At = AB/(d(B)/dt)
Schrodinger equation: zhafw(x t) = I%/}(x,t)

Time-independent Schrédinger equation: Hu(x) = Ey(x); ¢(x,t) = e F/y(x,0)
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Evolution of expectation values: % = (%—?) + +([H, A])

ayp
) dx

for delta function potential, integral of Schrodinger equation gives additional matching condition

Continuity: (z) is continuous everywhere; is continuous except at points where V' is infinite;

Group and phase velocity: F = hw, p= hk
Given w = w(k) (dispersion relation), Ugroup = ‘fl—‘l’: Uphase =



Free particle: =1z

2m

Plane wave: U(xz,t) = Aett*= it =12 = v2mb =, = B

Superposition: ¥(x,t) = \/2175 [ ®(p, t)eP=/Mdp

0 0<zr<a

Infinite square well: [ = % TV, V= { oo elsewhere

. 2, 232
Unle) = y/2sin (22), B, = 524

Harmonic oscillator: H = 2 + smw-t*, Ep = (n + %) hw

~ N o A 2 . fiw /A ~
ai:\/ernﬁ(:mp—i—mwx)7 &= /5t (ay+a_), p=iy/" G, —a_)

H=hw(aya + %) =hw(a_ay — 3)

a-ho =0, a1¥n =Vn+ 11, a-thn = Vnp
Yn(x) = enHy ( %x) P
Piecewise constant potentials: suppose V = 1} is constant in some region
If B> Vy: w = k2, ¢(z) = Asinkz + Bcoskx = Ae’* 4 Be~k*
IfE <V w = —k2, Y(2) = Ce"* + De " = C cosh kx + Dsinh kz
e’ & right-moving, e~ ** & left-moving
Reflection and transmission: for incoming free particle from left (z < 0):
Y(z) = e + re= ™ for x < 0; Y(z) = te'*® for x>0
reflection probability R = |r|?, transmission probability 7' = |t|?
Scattering matrix: for particle that is free for z < 0 and = > 0:
P(x) = Aet*® + Be™ ke for 1 < 0; Y(z) = Felk® + Ge™* for x> 0
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