
Some Useful Facts for Physics 115A

Probabilities: Prob(a < x < b at time t) =
∫ b

a
Ψ∗(x, t)Ψ(x, t)dx

Probability current: ∂
∂t (Ψ

∗Ψ) = − ∂
∂xJ, with J(x) = h̄
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Expectation values: 〈Ô(x, p)〉 =

∫∞
−∞Ψ∗(x, t)Ô(x, h̄

i
∂
∂x )Ψ(x, t)dx

Uncertainties: ∆x =
(
〈x2〉 − 〈x〉2

)1/2
, ∆p =

(
〈p2〉 − 〈p〉2

)1/2

Schrödinger Equation: ih̄∂
∂tΨ(x, t) = ĤΨ(x, t)

Hamiltonian: Ĥ = p̂2

2m + V (x) = − h̄2

2m∇
2 + V (x)

Time-independent Schrödinger Equation: Ĥψ(x) = Eψ(x) ; ψ(x, t) = e−iEt/h̄ψ(x, 0)

Momentum operator: p̂ = h̄
i

∂
∂x

Orthonormality and completeness: For energy eigenstates,∫
ψ∗m(x)ψn(x)dx = δmn, ψ(x) =

∑
n cnψn(x), with cn =

∫
ψ∗n(x)ψ(x)dx

and Prob(E = En) = |cn|2

Solving the Time-Dependent Schrödinger Equation:
Given Ψ(x, 0), write Ψ(x, 0) =

∑
n cnψn(x) (where ψn are energy eigenstates)

Then Ψ(x, t) =
∑

n cnψn(x)e−iEnt/h̄

Free particle: Ĥ = p̂2

2m

Plane wave: ψ(x) = Aeikx−iωt, k = p
h̄ =

√
2mE
h̄ , ω = E

h̄

Superposition: Ψ(x, t) = 1√
2πh̄

∫
Φ(p, t)eipx/h̄dp

with Prob(a ≤ p ≤ b at time t) =
∫ b

a
Φ∗(p, t)Φ(p, t)dp

Group velocity: vgroup = dω/dk = dE/dp

Infinite square well: Ĥ = p̂2
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, En = n2π2h̄2
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Harmonic oscillator: Ĥ = p̂2
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(
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2

)
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â± = 1√
2mh̄ω

(∓ip̂+mωx), x̂ =
√

h̄
2mω (â+ + â−) , p̂ = i

√
mh̄ω
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[â−, â+] = 1

â−ψ0 = 0, â+ψn =
√
n+ 1ψn+1, â−ψn =

√
nψn−1
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