
Raising and lowering operators:
a slightly simpler derivation

Suppose we have an energy eigenstate for the harmonic oscillator,

Ĥψ = Eψ

Consider the new wave function ψ̃ = â+ψ. We have

Ĥψ̃ = Ĥâ+ψ

=
(
Ĥâ+ − â+Ĥ + â+Ĥ

)
ψ (adding zero)

=
(
[Ĥ, â+] + â+Ĥ

)
ψ

= [Ĥ, â+]ψ + â+Eψ (since Ĥψ = Eψ)

= [Ĥ, â+]ψ + Eâ+ψ = [Ĥ, â+]ψ + Eψ̃ (1)

So we need the commutator [Ĥ, â+]. Now,

Ĥ = h̄ω

(
â+â− +

1

2

)
so

[Ĥ, â+] = h̄ω

{(
â+â− +

1

2

)
â+ − â+

(
â+â− +

1

2

)}
= h̄ω {â+â−â+ − â+â+â−}
= h̄ω {â+[â−, â+]}
= h̄ωâ+ (since [â−, â+] = 1)

Thus from equation (1),

Ĥψ̃ = [Ĥ, â+]ψ + Eψ̃ = h̄ωâ+ψ + Eψ̃ = (E + h̄ω)ψ̃

Similarly, for the wave function ψ̌ = â−ψ,

Ĥψ̌ = [Ĥ, â−]ψ + Eψ̌

and

[Ĥ, â−] = h̄ω {â+â−â− − â−â+â−} = h̄ω {[â+, â−]â−} = −h̄ωâ−

since [â+, â−] = −[â−, â+] = −1. Thus

Ĥψ̌ = −h̄ωâ−ψ + Eψ̌ = (E − h̄ω)ψ̌


