Raising and lowering operators:
a slightly simpler derivation

Suppose we have an energy eigenstate for the harmonic oscillator,
Hy = Ey
Consider the new wave function ¢) = ay1. We have
Hy = Ha_
Hay —a H + &Jrﬁ) (0 (adding zero)
[, a5) +a. ) v
La i+ ay B (since Hyp = Evp)
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[H, d+] = FLW { <d+d_ + §> d+ — d+ (d+d_ + 5) }

= hu) {d+€l_&+ — &+&+d_}
= Tw {d+ [d,, &+]}

= hwa since |a_, a4 | =
+ +

Thus from equation (1),
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Hi = [H, ¢ + B = hwis) + B = (E + hw)y)

Similarly, for the wave function ¢ = a_1),
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HY = [H,a |+ B
and
[H,a_] = hw{ara_a_ —a_asa_} = hw{[as,a_]a_} = —hwa_

since [a4,a_] = —[a_,a;+] = —1. Thus

Hi = —hwi_v) + B = (E — hw))



