
SOLVING THE SCHROEDINGER EQUATION IN SPHERICAL POLAR COORDINATES FOR HYDROGEN U(r)

      
 

! ! 2

2m
1
r 2

"
" r

r 2 "
" r

#

$
%

&

'
( + csc ) "

" )
sin ) "

" )
#

$
%

&

'
( + csc2 ) "

" * 2
+

,
-
-

.

/
0
0
1 (r, ) , * )+U(r )1 (r, ) , * )= E1 (r, ) , * ) (7-15)

Separate variables: 1. Assume ! (r," ,#) = R(r )$ (" )%(#) 2. Plug in and divide by R(r)Θ(θ)Φ(φ)

This gives, after some rearranging,
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Both sides must equal a constant, C. The left ÒhalfÓ is: 
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exponential if constant > 0

sinusoidal if constant < 0
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⎨
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. But because " (! ) must meet itself smoothly at !  = 0  and !  = 2!, " (! ) must be

periodic/sinusoidal, and the constant must be the negative of the square of an integer. Call it  ! m!
2  [quantum number 1]

#-part
Putting this back into (7-19) gives
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$ (#) diverges at # = 0 or # = ! unless 
 
C = 0,! 2,! 6,! 12,... = ! ( +1)  [quantum number 2] and unless 

 
m ≤  .

r-part
Reinserting this result causes the right ÒhalfÓ of (7-17) to become
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" 2 E−U(r)( ) [which if rearranged is (7-30)]

Assuming a hydrogen-atom potential energy U(r) = !
1

4" #0

e2

r
 (i.e., electron-proton potential energy),

R(r) diverges at r = 0 or r = % unless 
 
E = ! me4

2(4" #0)2 ! 2
1
n2  [quantum number 3] and unless  ! < n.


