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Using the method of molecular quantum electrodynamics, we investigate the polarization dependence
of multipolar optical second-harmonic and third-harmonic generation including up to two multipolar in-

teractions from an isotropic medium with a surface.

I. INTRODUCTION

It is widely known that optical second-harmonic gen-
eration (SHG) is a surface-specific process.!™* This is
due to the lack of inversion symmetry in a surface region
separating two dissimilar bulk media. When irradiated
with an intense optical field, the surface region produces
electric-dipole-allowed optical second harmonics. If the
bulk media are centrosymmetric (i.e., with a center of in-
version) or isotropic, there will be no electric-dipole-
allowed optical second harmonics generated from the
bulk. It is also known, however, that when the electric
quadrupole (E2) and magnetic dipole (M 1) responses are
taken into consideration, the bulk can generate compara-
ble SHG in the presence of a surface.’> !> It has been
shown that the multipolar SHG involving one multipolar
interaction is often indistinguishable from the surface
SHG.” ! In cases where electron orbitals are much
larger than the Bohr radius, multipolar SHG with two or
more multipolar interactions may have to be considered
as well. Fullerene and fullerene-based materials are ex-
amples of such systems.!* Recently, Koopmans and co-
workers reported a study of optical SHG from Cg,
films.!> They showed that most SHG signals were from
the magnetic dipole response of the Cg, in the bulk rather
than the electric dipole response in the surface region.
The purpose of this paper is to investigate the polariza-
tion properties of multipolar harmonic generation from
isotropic fluids and solids involving up to two multipolar
interactions.*

There are many papers which have dealt with multipo-
lar effects in optical harmonic generation.’ 121415 Most
authors start from macroscopic constitutive relations of
polarization fields to macroscopic electric fields and their
spatial derivatives.’ 11415 The coherent radiation from
the polarization fields is obtained by solving inhomogene-
ous Maxwell equations with appropriate boundary condi-
tions.!® The order of a nonlinear optical process is
defined by the number of electric fields on the source side
of a constitutive relation, while the order of a multipolar
process is determined by the number of derivatives of
electric fields in the constitutive relation. The latter is
more  transparent in the  molecular-quantum-
electrodynamics formalism.!>'7 In a recent paper, Zhu
and Wong showed that the molecular-quantum-
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electrodynamics calculation of multipolar SHG from iso-
tropic fluids produces the same results as the macroscop-
ic polarization field formalism.!? The advantages of the
molecular-quantum-electrodynamics formalism are that
(1) it offers a convenient bookkeeping method to distin-
guish nonlinear optical processes by how photons are be-
ing annihilated and created; and (2) it separates the effect
of microscopic properties of individual molecules from
that of the macroscopic symmetries of the molecule en-
semble. These advantages facilitate the analysis of the
polarization properties of a nonlinear optical generation
process. In this paper, we apply the scheme of Zhu and
Wong to higher-order multipolar harmonic generation.
We also incorporate proper macroscopic local-field fac-
tors and two additional factors which are necessary for
multipolar harmonic generation processes.>’

II. MOLECULAR-QUANTUM-ELECTRODYNAMICS
FORMALISM OF MULTIPOLAR OPTICAL
HARMONIC GENERATION FROM
ISOTROPIC FLUIDS AND SOLIDS

In the framework of molecular quantum electrodynam-
ics, an optical harmonic generation is a process in which
two or more fundamental photons are annihilated and
one harmonic photon is created, while the mediating
molecular system remains unchanged.!” The photon an-
nihilation and creation are achieved through a combina-
tion of electric dipole, magnetic dipole, and electric quad-
rupole interactions between the molecular system and the
electromagnetic fields. A multipolar harmonic genera-
tion is a process where at least one of the photons is
created or destroyed by a multipolar interaction. Various
multipolar processes are distinguished by both the com-
bination of the involved multipolar interaction and the
time ordering with which these interactions are applied.

We consider coherent optical harmonic generation
from isotropic molecular fluids or solids in the presence
of an interface.!? To simplify the matter, we assume that
only one of the two adjoining bulk media has nonvanish-
ing multipolar optical nonlinearities. Typical situations
can be a molecular liquid or solid in contact with
air or vacuum. As shown in Fig. 1, we assume
that a plane-wave electromagnetic field E,; (x,t)
=E;,(w)explik, ,-x—iwt] is incident at an angle 6,

nc
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FIG. 1. Geometry of multipolar optical harmonic generation
in the reflection direction from a molecular fluid or an isotropic
molecular solid (labeled by b). The fundamental electromagnet-
ic field is incident from medium a. The latter is assumed to
have no optical nonlinearities.

from the medium (denoted by @) with no optical non-
linearity. The incidence plane coincides with the x-z
plane. We denote the adjoining medium by b which
possesses finite multipolar nonlinearities. It is easy to ex-
tend the results to more general cases. In this section we
further assume that the two media have same linear
dielectric constants, €g , =€gq . In Sec. IV, we will gen-
eralize our results to cases when £q ,7€q ,. Under these
assumptions, Zhu and Wong have worked out details of
the rotation average and the integration over the half-
space where the multipolar responses are nonzero.'?
Here we briefly outline the key results.

The interaction Hamiltonian H,, between radiation
fields and a molecular fluid is partitioned into an electric
dipole, an electric quadrupole, and a magnetic dipole
term:*

Hy=—3 peE(Q)—ikg 0 E(Q)
£Q

+é—[kaE(ﬂ)]~m§ explikg-r,—iQ) .

(1)

The summation over £ includes those molecules en-
veloped in the radiation field E(Q) of frequency Q. The
summation over () includes the fundamental and its har-
monics. Pe Q;, and m, are the electric dipole, electric
quadrupole, and magnetic dipole operators of the &th
molecule, respectively. r labels its center of mass. In
Eq. (1), ¢ /Q[kq X E(Q)] is the magnetic field B(Q). We
denote the three terms in the curly brackets by E1, E2,
and M 1, respectively.

The radiated power of optical nth harmonics is calcu-
lated by the Fermi golden rule:!’

Stno)=(nfio) [ d0Z(|Myno)?) LR ()

dp(nw)/dQ is the density of states of the radiation field
at nw into a unit solid angle. The matrix element
Mg(nw) is calculated through a (n + 1)th-order perturba-
tion.!” Following the same procedure as used by Zhu and
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Wong, we define an effective nonlinear polarizability a!%)
for each multipolar process, and express the radiated
power at nth harmonics by!

873(n ©)*sec?6

3.1/72
C€np,atu,a

S(no)=

inc I

NpaR|2I A 3)

Here 6, is the angle of incidence. ¢, , and ¢,,, , are the
linear dielectric constants of medium a. I, and A4 are the
intensity and cross section of the fundamental field, re-
spectively. The effective surface density of the molecules
in medium b for optical nth harmonics is given by'?

)
Nyer= : @
’ nkm,a;z —knw,a;z
where ko,a;z =+ (0/¢)V €0,ac080;., Knoa:z
=—(nw/c)\/sm,a-—ema(sineim)z, and Kno,asx

=nk, q4.x =t (nw/c)V e, sinb,. n, is the bulk densi-
ty of the molecules. The relative strength and the polar-
ization dependence of a given multipolar process are de-
scribed by the corresponding effective nonlinear polariza-

bility o on which we will focus our attention in Sec. III.

III. POLARIZATION DEPENDENCE
OF MULTIPOLAR OPTICAL
SECOND-HARMONIC GENERATION

To distinguish various multipolar processes, we use the
following notation: E1+M1—E2 represents an optical
second-harmonic generation process in which two funda-
mental photons are annihilated in succession by an elec-
tric dipole interaction E'1 and a magnetic dipole interac-
tion M1, and a second-harmonic photon is created by an
electric quadrupole interaction E2. The time ordering of
the annihilation of two fundamental photons is
significant, and thus E1+M1— E2 is to be distinguished
from M1+E1—E2. Other multipolar SHG processes
will be represented by similar notation without further
clarification. An example of how the polarization depen-
dence of a multipolar harmonic generation process is
represented in the effective nonlinear polarizability has
been given by Zhu and Wong for the E1+E1—E?2 pro-
cess.!? In this case, oZ2F'E! in the laboratory frame
(denoted by coordinates ijkl) is expressed as

aEZElEl — <BE2E1E1
eff - ijkl rotation average

XK0,0;i€20,a;j€0,a;kC0,a;51 (5)
Q8 (pi"pr®+p [ pE)

(E,g —2%iw)(E,, —fiw)

Q" (pi®pf" +p®pE")

(E g +Hiw) E,, —fiw)
OIFPE DI+ P DI

(E o +Ho)E,+2fiw) |

E2E1E1 —
Bijkl = 2
u,v,g

+

+

(6)

After performing the rotational average (see the Appen-



2420 G. X. CAO AND X. D. ZHU 51

dix), we arrive at

eﬁ2’E1E1=T1'( _BgL_Z%IE1+364E_;IZgE;71E1)

X (ka,a *€w,a )(e2w,a ‘€u,a ). @

ng,ﬁ]m ! and Bg,,ng,llE 1 are defined in a molecular frame.

The summation over repeated indices is implied. From
Eq. (7), one finds that the E1+E1— E2 process contrib-
utes to the reflected optical second-harmonic generation
only when both the fundamental field and the second-
harmonic field are p polarized. In other words,
E1+E1—E?2 yields only P-in/P-out SHG. We now ap-
ply this procedure to other multipolar second-harmonic
generation processes. The summary of the results is list-
ed in Table I. As a general rule, an electric quadrupole
polarizability is less than that of an electric dipole polari-
zability by a factor of k ap ~ 10~ 3; a magnetic dipole po-
larizability is less than that of an electric dipole polariza-
bility by a factor of the fine-structure constant
a=-. 1418 This factor of 10 has also been observed ex-
perimentally by Koopmans and co-workers. '3

There is a general result for second-harmonic genera-
tion involving only electric and magnetic dipole interac-
tions. In these cases, the corresponding nonlinear suscep-
tibilities x,; are proportional to the unit antisymmetric
tensor € (the Levi-Civita epsilon). Consequently, those
processes in which two fundamental photons are annihi-
lated by the same dipole interaction produce no second
harmonics.  These processes are EIl+E1-E]l,
E1+E1—->M1, and M1+M1—E1. This result is valid
regardless whether any individual molecule possesses op-
tical nonlinearities. It is also valid without requiring the

presence of time-reversal symmetry.® !4

The leading multipolar processes which produce non-
vanishing optical second harmonics are single-magnetic
dipole processes.’ !%>!* In the notation of Guyot-
Sionnest and Shen, these magnetic dipole responses are
contained in ¥?:E(w)VE(w).? The effective nonlinear po-
larizabilities are given by

afﬁl‘ElMl +afﬂ§M1El=%[8§n§(Bg]l§ElMl_Bg;]lé]_lllEl )]
XKy, g°€20,0 €0 0€00) (8)
pEmYPE
(E, —2%0)(E,, —fi>)

EIM1E1l —
e = 2
u,n,g

uv,, vg

4 mypEpe
(E, g +#0)(E,, —#i0)

v, vg

m3ipEpe

T By ) E,, +2%0)

) 9)

pEPymE
(E g —2#i0)(E,, —fio)

E1EIM1 —
Beye " =2

w8

gu,, uv

pypEmg
(E, g +#0)(E,, —fiw)

_+_
PymEPE

T B,y 0B, +250)

. (10)

From Eq. (8), we see that these two processes yield
P-in/P-out and S-in/P-out SHG.
The next group consists of three electric quadrupole

TABLE I. Rotational symmetry-allowed polarization combinations for multipolar optical second-
harmonic generation from a molecular fluid or an isotropic solid involving up to two multipolar in-

teractions.
P-in, P-in, S-in, S-in,
Multipolar Multipolar Relative P-out S-out P-out S-out
processes polarization density strength (P-P) (P-S) (S-P) (S-S)
E1+E1-E1 PP =yDEE 1
E1+E1->M1 M2 =y MEER 1072
El+M1-E1 P‘2’=X(§,’EB 1072 X X
M1+E1-E1 P‘2’=XQ”BE 1072 X X
E1+E1—E2 Q‘2’=X‘5’EE 1073 X X
E1+E2—E1 P=x " BVE 1073 X X
E2+E1—E1 PP =y (VEE 1073 X X
E1+M1->M1 M2 =y MEB 1074 X
M1+E1—>M1 M? =y MBE 1074 X
M1+M1—-E1 P2 =y'" BB 107*
E1+M1—E2 Q¥=y'2EB 1073 X X
M1+E1—E2 Q‘2’=Xf,?>BE 1073 X X
E1+E2—>M]1 M‘2)=x‘2’€EVE 1073 X X
E2+E1->M1 M‘Z)-*—x“c”(VE)E 1073 x X
E2+M1—-E1 P<2’=X§§(VE)B 1073
M1+E2—E1 PY=y"'B(VE) 1073
E1+E2—E2 Q¥ =y2EVE 107¢ X X
E2+E1—E2 Q¥=x2(VE)E 10°¢ X X
E2+E2—El P2 =y (VE)VE) 107¢
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processes which involve one electric quadrupole interac-
tion. We consider molecular systems which have no in-
trinsic electric dipole nonlinearity, so that the quadrupo-
lar response comes only from individual molecules. The
effective nonlinear polarizability for the E1+E1—E2
process has been given in Eq. (7). The joint effective non-

linear polarizability for the FE1+E2—-E1 and
E2+E1—E1 processes is given by
afn!mm"'afﬁlmm:%s[(_nglyﬁ,lm"':*ﬁgy,l%lm)
_ RELE2E1
(=B + 3By )]
X(Kpo€r0)€4,€,,) . (11)

These two processes yield both P-in/P-out and S-in/P-out
SHG. The nonlinear polarizabilities in the molecular
frame have a similar form to Eq. (10), and from now on
we will not give them explicitly.

The third group consists of two magnetic dipole pro-
cesses involving two magnetic interactions: E1+M1
—>M1 and M1+ E1—M1. This group gives the leading
correction to the standard multipolar optical second har-
monics. The joint effective nonlinear polarizability is
given by

af:%ElMl'f'aff%MlEl:Tlo[(_Bfgz«,ﬁ,lMl'*':;Bg:g;lM])‘*(_B

X {(ka,a .ea),a )[e2w,a '(kw,a ><ea),a )]+(e2m,a 'em,a )[ew,a '(kZa),a ka,a )]} .
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alet‘lflElMl+a%lMlEl=%[8§;n(Bgz’11E1Ml_nglMlEl)]
X [(kZ(o,a ka,a )'e2w,a ](em,a *€u,a ).
(12)

These two processes produce S-in/S-out and P-in/S-out
SHG. It is noteworthy that even though the effective
nonlinear polarizabilities for E1+M1—-M1 and
M1+E1—-M1 are wusually less than that for
E1+E1—E?2 by a factor of 10, they can become compa-
rable when the electron orbitals are significantly larger
than the Bohr radius az. The latter is certainly the case
for fullerene-based molecules. However, the intrinsic
molecular polarizability eggn(Bg:,E M I—ngM 1Ely van-
ishes if the molecule possesses an inversion center.
Therefore, to observe the contribution from
E1+M1—-M1 and M1+ E1—M]1 processes, the molec-
ular system must not have inversion symmetry. The
latter is not the case for fullerene molecules or their
weakly modified derivatives.

For completeness, we also consider the next two
groups. The fourth group consists of multipolar process-
es involving one electric quadrupole interaction and one
magnetic dipole interaction. The joint effective nonlinear
polarizability for the E1+M1—E2 and M1+E1—>E2
processes is given by

E2M1E1 E2M1E1
&€ + 3B§n§n )]

(13)

The first term in the curly brackets gives P-in/S-out SHG while the second term yields S-in/S-out SHG. The joint
effective nonlinear polarizability for the E1+E2—>M1 and E2+E1—M 1 processes is given by

ag{‘_lElE2+a:£lflE2E1:%[(_ngllﬁlE2+3ﬂ1§b‘lr’églE2)+(_Bg

ﬂ‘ll]§2E1+3Bg71§gZEl)][e2m,a .(kZm,a ka,a )](em,a 'ew,a ) ’

(14)

which produces both S-in/S-out and P-in/S-out SHG. The effective nonlinear polarizabilities for E2+M1—E1 and

M1+ E2— E1 vanish as a result of rotational average.

) The fifth group consists of three processes. The E2+E2—E 1 process has a vanishing effective nonlinear polarizabil-
ity after the rotational average. For the E1+E2—E2 and E2+E1— E2 processes, we can write a joint effective non-

linear polarizability

2E1E2 2E2E1 __
gt E2 4 af = Ll (BE L 2 —BEEED [ €20,0 (Koo XKy o) )(€40 €00 ) F (€200 €00 €00 (Kgp o Xk o)1} 5

which yields P-in/S-out from the first term and
S-in/S-out from both the first and second terms.

We summarize these results in Table I. In the first
column, we display processes which are listed by their or-
der of relative strength. The latter is displayed in the
third column. These processes are distinguished by both
the combination of involved multipolar interactions and
the time ordering with which these interactions are ap-
plied. In the second column, we show the corresponding
macroscopic multipolar polarization densities. The non-

linear susceptibility is given by ¥ =~N{ZpaZ. On the

(15)

left-hand sides of the expressions, we use P?), M® and
Q(Z) to represent the densities of nonlinear electric dipole,
magnetic dipole, and electric quadrupole moments. On
the right-hand sides, the superscript indicates the mul-
tipolar interaction with which the harmonic photon is
created. The subscript indicates the combination of the
multipolar interactions with which the fundamental pho-
tons are annihilated. The remaining four columns are
four fundamental second-harmonic polarization com-
binations, and the crosses indicate the symmetry-allowed
ones.
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IV. MACROSCOPIC LOCAL-FIELD FACTORS

The expressions for the effective nonlinear polarizabili-
ties in Sec. III have to be modified when the linear dielec-
tric constants of the two adjoining isotropic media are
different. In a description of surface optical second-
harmonic generation, Heinz and Shen introduced macro-
scopic local-field factors which properly incorporate the
effect of different linear dielectric constants for the two
bulk media and the surface region.>*’ The local-field
factors were shown to form a second-rank tensor

L, 0 0
E=|o0o L, o|. (16)
0 0 L,

By  rewriting JN;ﬁ}fai? 2 in Eq (3 as
INZpaR > =€,y 0 X H:€00€0, > in the case of surface
second-harmonic generation, they showed that the
modification is achieved by simply replacing

(2), 2 o
|e2{u,a X (eﬁ“ew,aew,a I with
|(L2w'e2(o,a )X (eﬁ‘):(L(o‘ew,a )(La)'ea;,a )|

(Refs. 2,3,7). We can modify the results of Sec. III by us-
ing similar local-field factors. For multipolar optical har-
monic generation in the bulk, the proper macroscopic
local-field factors also form a second-rank tensor as
shown in Eq. (16) with

2e0,4Kq,5;2
L = — s 1n
b €0,6K0,0;z T€a,aka,5;2
— 2kﬂ,a;z (18)
il kﬂ,a;z+kﬂ,b;z ’
280 akQ a;z
Ly ,,= — ) (19)
i 8Q,bkﬂ.,a;z +£Q,ak0,b;z
where

Kaa;: =+ (0/c)V g, 4c080y, ,

Kbz = +(a)/c)\/em,b —&, ,(sinb;,, )2,
(20)

knw,a;z = —(nw/c)‘/enm,a _szz),a(SineinC)2 ’

knw,b;z = _(nw/c)venw,b T €u,a (Sineinc)2 .
J

873 (2w)*(sech,, )22

inc w,a

c 38;({,,2‘1 €

SQw)= n

w,a

It is easily seen that the polarization properties of optical
second-harmonic generation for all multipolar processes
remain valid after the local-field correction factors are in-
cluded.

At this point, we note that for three-layer systems, the
local-field corrections are conceptually just as simple but
are algebraically much more involved.!® This is due to
the fact that there are two counterpropagating electric
fields in the intermediate layer as a result of reflection.!®
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We note that Lg, ,, is different from that for the surface
optical harmonic generation by a factor of €g , /eq gt
€q,surf I8 the dielectric constant of the surface region.>>
We also note that Snell’s law requires k,,, ;.. =K, q:x
=nk o, p;x =Nk, q;x =n(w/c)V'e, ,sinb;,,.  Since the
components of L, are merely the transmission Fresnel
coefficients for the fundamental field, we may replace e, ,
in Egs. (3), (5), (7), (8), (9), (11), (12), (13), (14), and (15) by
(L, e,,).- Furthermore, because the deduction of L,,
for the outgoing optical second harmonics is independent
of which nonlinear current source is E)_Perative, we may
replace e,,, in these equations by (L,,e,, ,). These
two changes are not yet complete. Unlike the surface
second-harmonic generation, the effective surface densi-
ties N{2j for multipolar optical SHG processes depend on
the dielectric constants of the medium b. Therefore, to
be symmetric, we define a surface density correction fac-
tor for nth harmonics

k

N = nkw,a;z_
k

= — nw,a;z , 21

w,b;z” Knw,b;z

so that we may replace Ns(,2e’ﬂ~ in Eq. (3) with Ns(,ze)ﬂN,ﬁg).

Another distinct feature of a multipolar SHG process is
that the effective nonlinear polarizability o' involves
wave vectors kg which are contained in the nonlinear
source current in medium b. We define a second-rank

tensor M:

M, 0 0
M=|0 0 o |, 22)
0 0 M,

so that we only need to replace kg, with (M a'kg) in Egs.
(7), (8), (11), (12), (13), (14), and (15). From the boundary
condition, we find

Mﬂ;xx =1 ’ 23)
M — kﬂ,a;z
&z kﬂ,b;z '

A}s an example, a complete expression of the reflected op-
tical second harmonics from the E1+M1—E1 process
from an isotropic medium is given by

NN T e eenBER EDNPILM K ) (D €20, ) 11 E e 0 )(E e, )11 . 24)

For a multipolar optical second-harmonic generation in
the intermediate layer, the two fundamental photons do
not have to be annihilated by the upward-going field
alone or by the downward-going field alone. Consequent-
ly, some of the terms which do not survive in deriving
Egs. (7), (8), and (11)—(15) as required by the transversali-
ty relation will contribute. Furthermore, the finite width
of the intermediate layer complicates the forms of the
local-field factors even for the processes where the two
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fundamental photons are annihilated by the same
upward-going or downward-going fields. This aspect has
been discussed fairly thoroughly in the work of Bloem-
bergen and Pershan, and we will not pursue this matter
further.!6

V. POLARIZATION DEPENDENCE
OF MULTIPOLAR OPTICAL
THIRD-HARMONIC GENERATION (THG)

Optical third-harmonic generation (THG) from isotro-
pic media can be obtained similarly. Since the electric di-
pole process E1+E1+E1—E1 is allowed, we only con-
sider multipolar processes containing one multipolar in-
teraction. The results are summarized in Table II. Be-
cause there is one more photon to be annihilated in a
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third-harmonic generation process, there are more possi-
ble time orderings with which three fundamental photons
are annihilated and one third-harmonic photon is creat-
ed. The radiated third-harmonic power in reflection is
given by

87 (3w)?sec?6;,,
— T 77 Tine | Ar(3) Ar(3)(3)(27 3
6381/2 |Ns,e ab aeﬂ‘l Im,aA ’ (25)

3w,a%w,a

SQw)=

where the effective surface density Ns( - 1S given by Eq.
(4), and N}’ by Eq. (20). Again the polarization depen-
dence is completely determined by the corresponding
effective nonlinear polarizability ol

For the E1+E1+E1—E1 process, we find that

QEIEIEIE— 1 (BEglnE;,lElEl+BE1E1E1E1+BEIEIE1E1)[(E3w.e3m,a).(fw.ew’a)][(fm.ew,a).(fm.ew’a)] , (26)

pE(pj P pi®+p P P+ i PI* P PP} g+P1 p*pi®+pi P P;®)
(E,, —3#iw)(E,, —2%i0)(E,, — fio)

BEIEIEIEI— 2

u,0,w,g
+three other terms with different time ordering | . 27

It produces P-in/P-out and S-in/S-out third harmonics (THG).

If the molecular systems of the fluid or solid have no intrinsic inversion centers, the four multipolar processes con-
taining one magnetic dipole interaction give the leading corrections to the third harmonics. For the
E1+E1+E1—M]1 process, we have

aMlElElEl_ 1 (BMIEIEIEI+BM1E1E1EI+BI§!£]£]§1EIEI){[(ﬁ3w'k3w,a)x(f3w'e3w,a)]°(Ew'ew,a)}'[(Ew'ew,a)'(fw'ew;a)] ,

(28)
pUIEIEE= 5 mEp;"p P +p; P pi® +pi' P PI® tPi PP} PP} P+ PI"Pr"P;*)
4o 0,8 (E,, —3#iw)(E,, —2fio)E,,, —#iw)
+three other terms with different time ordering | . (29)

It produces S-in/P-out and P-in/S-out THG. The effective nonlinear polarizabilities of the other three processes have

TABLE II. Rotational symmetry-allowed polarization combinations for multipolar optical third-
harmonic generation (THG) from a molecular fluid or an isotropic solid involving one multipolar in-

teraction.
P-in, P-in, S-in, S-in,
Multipolar Multipolar Relative P-out S-out P-out S-out
processes polarization density strength (P-P) (P-S) (S-P) (S-S)
E1+E1+E1-E1 PO =y!") EEE 1 X X
E1+E1+E1—->M1 M‘3’=X{K§,’EBE 1072 X X
E1+E1+M1-E1 PP =yt & EpB 1072 X x
E1+M1+E1->E1 P‘”—x{;’ EBE 1072 X x
M1+E1+E1-E1 P“’—x‘” BEE 1072 X X
E1+E1+E1—E2 Q¥ =y (S EEE 1073
E1+E1+E2—E1 P"‘—meE(VE) 1073 X x
E1+E2+E1—E1 P‘3’=XmE(VE)E 1073 X X
E2+E1+E1>El P‘3’=xj§(VE)EE 1073 X X
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the same form except for the molecular polarizabilities. Their joint polarizability can be expressed as

1E1E1M1 1EIM1E1
QEJFIEINI | GEIEIMIEL 4 GEIMIEIE!

—_ E1
_T‘S[(Bé'é?]E“r]lElMl+ﬁ§E'7]1§E171ElM1+Bg‘17117E§1E1M1)

m

E1EIM1E1 E1EIM1E1 E1EIM1E1 EIM1E1E1 E
+ (B +B +B )+ (Begn =+ Blagn ¢ Bl )]

313] Enmé

XL, €0 ) (Lyepa) {[Myke o) X(Lyrey )] (Laye3,,)) ,  (30)

which also produces only S-in/P-out and P-in/S-out THG. The molecular polarizabilities are given by expressions simi-

lar to Eq. (29).

The processes containing one electric quadrupole interaction give rise to the next-order correction. These processes

also require the molecular systems to be noncentrosymmetric.
E1+E1+E1—E2 vanishes as a result of the rotational average.

The effective nonlinear polarizability for
The effective polarizabilities for the

E1+E1 +E2—+E 1, E1.+.E'2+E1—>E 1, and E2+E1+E1—E1 processes have the same form except for the molecu-
lar polarizabilities. Their joint nonlinear polarizability is given by

\E1E1E2 \E1E2E1 \E2E1E1
ok +afy + oty

E1E1E1E2+BglE1E1E2

= 35 —Eene Benyey ey ) EencBeymyt

E1E1E2E1 _Bg

31449

\E1E2E1 E1E2E\E1_, pE1E2E1E1
vy )t e Bty B )

X [(Za)'ew,a )'(Ew'ew,a )]{ [(ﬁw'kw,a )x(fw'ew,a )]'(LSw'e&a,a )} , (D

which yields S-in/P-out and P-in/S-out THG as well.

VI. CONCLUSIONS

In the framework of molecular quantum electrodynam-
ics, the polarization properties of optical harmonic gen-
eration can be analyzed in a unified way by defining
effective nonlinear polarizabilities a'®.12 The macroscop-
ic local-field factors can also be included in a unified way.
For multipolar harmonics generation processes, W€ have
introduced two additional local-field factors (M and
N;Z’), so that the effects of different linear dielectric con-
stants of the two bulk media are incorporated fully and
symmetrically in the expression of the radiated power
[for example, Eq. (24).>*’ These bookkeeping pro-
cedures are convenient in an analysis of optical harmonic
generation under suitable experimental situations. We
have investigated the polarization properties of multipo-
lar optical second harmonics and third harmonics gen-
erated from the bulk of isotropic molecular fluids or
solids up to two multipolar interactions. In the geometry
shown in Fig. 1, and when the nonlinearity of the medi-
um a can be neglected, each multipolar optical harmonics
has a distinct polarization dependence as displayed in
Tables I and II. This result facilitates the identification
and characterization of higher-order multipolar harmon-
ic generation from isotropic fluids and solids. From the
magnitudes of multipolar harmonics, one may be able to
deduce information on the sizes of electron orbitals of the
molecular systems.!?
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APPENDIX:
ROTATIONAL AVERAGE OF TENSORS

A tensor ,J"k) __in a laboratory frame is related to that

in the molecular frame B(g';,)g by a direction cosine

IR ene...-'>" A rotational average of .. is then
expressed as

( i;lc)...>=<1i(j'l'c)...,§77§...>B(§';,)§..‘ . (A1)
The full rotational average of direction cosine

(I{®  ene... ) has been worked out by Andrews and
Thirunamachandran.!”

We consider situations which are relevant to the main
text. The effective nonlinear polarizability can be written
in the following form:

dR =T ng.. B, Ari Ay Asg - (A2)

Using the results of Andrews and Thirunamachandran,
we find that, for third-rank tensors,

agf)zésgngﬁ(giy)g[( A XAy Azl (A3)
For fourth-rank tensors,
= 4By~ B Ar A As A
+ (4B en— Bibun— Benne( Ar- Ag)(Ag Ay)
+(4B(§?'I)"l§_ﬂ(§4é:7ﬂ—ﬁ(§?'l)§"1( A A)N(AAy)] . (A4

For fifth-rank tensors,



(5)—- l [(3w(5) —_ W(S)
H=WwP +3IWP —wP —
H=WP —wP +3wP —
+(WP —WwP +3wP —
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W +WE + W A(AX A)N(Ay Ay)
WP+ WL Ar (A X A)I(Ay Ag)
WS —WEO) A (A X A9 I(Ay Ay
W +WEA-(A3X ADI(Ay- Ay)

+HWP WP WP 3w — WA (A X AHI(A, A

WP =W WP W +3WE A (A X A5)(A,Ay],

where
W =eenBinery »
W =eenBipey »
wy )Esgnéﬁgl)w; ’
we _eénéﬁgr)nér ’
WS =eeneB e »
W =eeneB)yme -

(AS)

(A6)

For processes involving electric quadrupole interaction terms, Eq. (A5) may be simplified further, as the corresponding
B(énéw have permutation symmetry with respect to the exchange of some of the subindices.

For sixth-rank tensors,
=
+WP (A,

+WE (A,

+WE (A,

+WE (A,

(6)( A,

(6)( Al'

(6)(A1'

Ar)( Ay
A A, A A,
A4)( Ay Aj)(AS
A(Ay Ag)( Ay
AS)NA; A(A;
Ag)( Ay Aj)( Ay
A Ay A5)(A5 A4)] ’
with
W= U8 S -

Here M\8) and £\

LY ;EmgyTv

WA A)(Ay AN As A+ W (A A))( Ay A5 Ay Ag)
AN(AL;A)+WE (A,
A+ WO (A,
A +WPO (A,
A+ WO (A,
A+ WS (A,
As)+ W14 (A,

Aj(A,
Aj3)( Ay
ACA,
AS)A,
As)( Ay
Agl( Ay

A (A,
A Ay
As)( Ay
Aj)(A,
A Aj
A (A5

Ag)
Ay)
Ag)
Ag)
A,)
As)
(A7)

(A8)

are matrix elements defined by Andrews and Thirunamachandran in their Eq. (20), and Table
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